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ABSTRACT

Porous structure has its own unique advantages such as low relative density, high
specific strength, high specific surface area and good permeability etc., and these
advantages lead to porous structure’s wide application in the field of rapid
manufacturing, lightweight design and tissue engineering. Porous structure modeling,
however, is a challenging task in CAD due to the difficulties in controlling the pore
shape, size, diversity and interconnectivity. In this paper, we present a method for
irregular porous structure modeling. Quadtree (Octree) is used to subdivide the
modeling object into small sub-regions and the derived polygon (polyhedron) is
generated in each of the sub- region. T- mesh is used in this paper as a refinement tool
for subdivision. Finally non- uniform rational B- spline (NURBS) curves (surfaces) are
generated using the derived polygon (polyhedron) as the control polygon (polyhedron).
Easy control of the structure size and interconnectivity is achieved through the
flexibility and independent characteristics of the quadtree (octree) structure and T-
mesh. Structure irregularity is obtained by creating NURBS features based on the
derived polygons or polyhedrons.

Keywords: porous structure modeling, subdivision, NURBS.
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1 INTRODUCTION

Porous structure has low density, low thermal conductivity, low stiffness, high specific strength and
high specific surface area [14], [27]. These properties and advantages enable porous structure being
increasingly used in the field of rapid manufacturing, lightweight design and tissue engineering [13].
Several parameters are important in governing the properties of porous structure, namely pore size
[9], [20, 21], [23], porosity [9], [36] and interconnectivity [9], [21, 22]. Other mechanical and transport
properties can be derived from these parameters. The control of pore size, porosity and good
Computer- Aided Design & Applications, 10(2), 2013, 355- 369

© 2013 CAD Solutions, LLC, http://www.cadanda.com




356

interconnectivity is the key element in porous structure design, and this has a direct relationship on
the structure’s performance.

There are mainly three kinds of porous structure modeling approaches, but none of them could
satisfactorily fulfill the design requirements. For instance, the regular porous structure modeling
method by performing repeated Boolean operations of the same unit cell or feature cannot guarantee
pore diversity both in size and morphology; the 3D image reconstruction approach derived from
reverse engineering needs an existing object at hand to mimic as a prerequisite [34].

This paper proposes a new representation of porous structure both in 2D and 3D which is more
flexible and easier to control, where pore diversity is also guaranteed. In section 2, a brief literature
review is presented and the research motivation is discussed. Section 3 presents an approach for
object subdivision based on quadtree /octree representation [2] and an improvement is conducted by
introducing T- mesh [8], [29]. Derived polygon and polyhedron are put forward in section 4 and porous
structures are generated by NURBS curves and surfaces [25]. Both 2D and 3D case studies are
implemented and illustrated. Discussions and conclusions are finally offered in section 5.

2 RELATED WORK AND MOTIVATIONS

2.1 Related Work

The study of porous structure first appeared in Robert Hooke’s famous book Micrographia [40] where
the natural porous structures in cork were recorded [17]. During the last decades, considerable
approaches were put forward to model porous structure and these methods can be roughly classified
into three categories, as shown in Fig. 1.
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Fig. 1: Classification of porous structure design approaches.

Image based 3D reconstruction approach is widely used in biomedical research [34], [30]. The
foundation of this approach is image modalities including computed tomography (CT), magnetic
resonance imaging (MRI), optical microscopy and micro CT [33]. Applying these technologies, the
existing porous object is scanned layer by layer and a 3D model is constructed in computer from the
scanned 2D cross- sectional images after data processing. This method rebuilds the existing object at
hand and mimics the porous structure in computer.

CAD software based approach doesn’t need pre- existing objects and the modeling process is
accomplished through computer software utilizing different theories and algorithms to represent the
porous structure.
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In unit- cell based approach, feature primitive represented with specific geometry is first built and
porous structures are created through repeated Boolean operations of the feature primitive. The
feature primitive is called unit cell and various unit cells form a library. The key issue here is how the
unit cells are built to represent the desired structure and match the corresponding properties. Connie
Gomez et al. [15] described the unit cell informatics and characterization. Sun et al. [33] designed a
library of various unit cells by analogizing trabecular architectures found at different anatomical sites
in the human skeleton. Chua et al. [6, 7] created a unit- cell library with eleven polyhedrons which are
selected from Platonic solids, Archimedean solids, prisms and antiprisms. Wettergreen et al. [35]
created a library containing two types of models, one is based on solid geometry with the inclusion of
void spaces to create porosity and the other one is based on geometry of regular polyhedra. To
overcome the stress discontinuities between two different unit cells, the concept of common interface
is put forward.

In function based approach, the porous structure is described or controlled by functions. Yoo [37]
and Gabbrielli et al. [12] proposed to represent porous structure using triply periodic minimal surfaces
[39] which are those with zero mean curvature and a crystalline structure. Cai and Xi [3] introduced to
use a shape function which is computed when making a transformation between two different
coordinate systems. Irregular and deformed pore- making units are derived from regular basic units
based on the shape function. Boolean difference is operated and irregular pores are removed from the
solid. Pasko et al. [24] used different periodic functions for modeling porous structures within the
Function Representation. These functions serve to directly define the structure shape.

In computational design approach, characteristics and properties related to the porous structure
are formulated in a mathematical way so as to make a quantitative evaluation and prediction.
Homogenization theory is commonly used in this approach especially in optimization design which
uses asymptotic expansion of relevant physical variables to generate multiscale equilibrium equations
to compute the effective properties [16]. Adachi et al. [1] built a model of scaffold degradation and
new bone formation, and mechanical properties are formulated during the process. A three-
dimensional computational simulation is conducted to evaluate the change of the mechanical
properties and provides the desired function. Sanz- Herrera et al. [26] used a mathematical approach
to study factors such as stiffness, porosity and pore size, and predicted in vivo the rate of bone
formation, scaffold degradation and the interaction between implanted scaffold and the surrounding
bone.

Inspired by random colloid- aggregation model, Kou and Tan [17] used Voronoi tessellation to
partition a space into polygons and adjacent polygons with the same attributes are merged together.
Closed B- spline curve is subsequently created in each polygon and porous structures are generated
after Boolean difference between each polygon and its corresponding closed B- spline curve. Lal and
Sun [18] constructed a three- dimensional microsphere- packed bone graft structure. Two extreme
microsphere packing models and a statistical packing model are used to determine the number of
spheres packed in a synthesized bone graft. Lian et al. [19] developed an approach to construct a 3D
concentric microstructure through stacking a series of 2D concentric structures. Schroeder et al. [28]
represented the model density and porosity based on stochastic geometry.

Some approaches are based on a mixture of the above methods. Approaches in [33] and [32] use
3D reconstruction approach to get the contour of the modeling object and subsequently unit cell
based approach is applied to design the internal porous structure.
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2.2  Motivations of this Research

Although many approaches have been proposed to model porous structure as is shown in the brief
review above, no ‘perfect’ model is developed [31]. They mainly have the following disadvantages:

<A lack of pore diversity. A large proportion of existing approaches are for regular porous
structures. Structures are usually built by repeated Boolean operations of the same unit cell.
Characteristics such as pore architecture, pore size and porosity which have crucial influence on the
mechanical properties and mass transportation are the same.

<Need of pre-existing objects and large memory storage. In image based 3D reconstruction
approach, a pre- existing object should be available for scanning. A large amount of data is produced
to represent the 3D object for reconstruction.

eDiscontinuity in the overall structure. The unit cell based approach which is the most widely
studied, collects the individual cells and assembles them together. Because the virtual structure is
treated by the system as a collection of closely packed unit cells, discontinuity in the overall structure
exists across the interface of individual unit cells throughout the entire volume of the scaffold [5].
This gives rise to weak mechanical properties in the joint between cells.

This paper puts forward an approach that can guarantee the flexible control and pore diversity of
the structure. Requirements of pore size and distribution are achieved through flexible control. In the
process, the domain is decomposed into smaller sub- regions. It is not formed from a collection of
cells, thus no discontinuity problem arises.

3 SUBDIVISION

The proposed approach first subdivides the modeling domain into smaller sub- regions according to
pore size and distribution. Quadtree (Octree) is used for the subdivision and T- mesh is utilized as a
refinement tool.

3.1 Quadtree (Octree) Subdivision

Quadtree (Octree) is most often used to partition a two (three) dimensional space by recursively
subdividing it into four (eight) quadrants and they are widely used in geometric modeling applications.

Given an object, an initial box S, is created to contain the domain entirely. It is then subdivided
into four equal smaller boxes S;. Any S; can be regarded as the initial box and further subdivision can
be done on the sub- region. This procedure is repeated recursively. The area relationship between the

initial box Syand the sub- regions after it/ subdivision is
Aerag,

Aerag, = YT 1)

When the area of S; is known, the subdivision times i can be calculated by

i==lo
T2 82 Aeras;’

Aerag,

&)

Take the grassy stem [13] as an example, it is a hollow cylinder structure and the cross sections of
the grassy stem are porous structures and the pores are denser and smaller near the outer boundary
but sparser and larger in the inner boundary. The modeling process is illustrated in Fig. 2.
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(c) (d)

Fig. 2: Subdivision process (a) The domain (the contour of a cross section of the grassy stem) of the
modeling object (b) S, is created to contain the domain entirely (c) After S; are created, red boxes need
no subdivision and green ones will be subdivided further (d) Subdivision result based on pore size and
distribution.

In 3D, octree tree subdivision is implemented and a cube is divided into eight sub- regions recursively,

the subdivision times

. 1
i=<lo
3 82 Volumes,’

Volumes,

®3)

where Volumeg is the volume of the initial cube S, and Volumeg,is the volume of the sub- regions after
it/ subdivision.

Quadtree (Octree) subdivision has the following unique advantages in porous structure modeling:

Flexibility- Pores contained in an object are usually not uniformly distributed and the pore size
may vary. Quadtree (Octree) subdivision allows the object to be subdivided based on specified
requirements. Areas with no pores such as the red boxes in Fig. 2 (c) need no further subdivision; on
the contrary if pores are dense in S;, further subdivision is needed.

Independence- Each sub- region is independent from the others that means the property is
independent from each other, changes in one area will not affect the others. This is a useful ‘handle’
when one is doing modification to the design.
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3.2  T-Meshes Subdivision

Inspired by T- splines [8], [29], T- mesh is used in this paper as a refinement tool for subdivision. T-
mesh is a partition of a rectangle domain that allows T- junctions. When the domain is partitioned by
quadtree, two partition lines divide the domain into four parts. T- mesh subdivision is more flexible
because T- junctions allow the domain to be partitioned into two parts. In the grassy stem example,
quadtree is implemented in Fig. 3 (b) and T- mesh is utilized in Fig. 3 (¢) which is referred to as
parametric T- mesh. Less redundant boxes are produced through T- mesh subdivision which leads to
high efficiency and less memory storage.

Two parameters are used to define T- mesh, namely direction and percentage. Direction refers to
the partition line as transverse or lengthways; percentage indicates the line’s insertion location. Before
implementing T- mesh, the two parameters are set as Fig. 4 shows.

A combination of quadtree and parametric T- mesh is seemingly a good compromised solution for
specific cases and design requirements.

4  GENERATION OF POROUS STRUCTURES

After the modeling domain is subdivided into many sub- regions, porous structures are generated
through NURBS. The concepts of 'derived polygon’ and ’'derived polyhedron’ regarded as the control
polygon and polyhedron of NURBS are utilized.

PaEB=N B 2 i 5 N r N
/( .'__,_h\ \\ // ny \.\ // I_.--.I . \\
Fil s NELAR/4Era:::: NHA 7 | \
1T AT AT TR
, T e
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Fig. 3: Comparison of quadtree subdivision and T- mesh subdivision (a) the structure after three times
subdivision (b) quadtree subdivision on blue boxes (c) T- mesh subdivision on blue boxes (boxes in red
need no subdivision and further subdivision is done on blue ones for refinement).

v

D=transverse D=lengm§iy €

P=0.5 P=0.5
0.5=a/1 0.5=a/1

Fig. 4: lllustration of parametric T- mesh subdivision (D stands for direction and P stands for
percentage).
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4.1 2D Derived Polygon

Given a polygon with an even number of sides, the derived polygon is obtained by joining the points
which are a fractional distance r along each side [38]. Derived hexagons are illustrated in Fig. 5
where r = 0.5.

Fig. 5: Derived hexagons.

Inspired by the above idea, a derived polygon in this paper is defined by using different values of r in
different edges( Fig. 6). The polygon ABCD is called parent polygon and the new points A',B’,C’,D’ are
called derived points.

Fig. 6: Derived polygon (blue).

Area of the derived polygon in Fig. 6 Areap, can be expressed as
ATeapi=lz—0.5>< [l(ll+lz+l3+l4)_(lllz+lzl3+l3l4+l4ll)] (4)
1 1 l 1
Letr, = Tl,rz = 72 T3 = 73,7”4 = 74’
When
a. n,=r,=r3;=r=0o0r1l, the derived polygon is the parent polygon, area = S5

b. (n=r=0andr,=r,=1)or(rnp =r3 =1andr, =r, = 0), the derived polygon disappears and
area =0
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Using this derived polygon concept, a NUBRS curve is generated (Fig. 7 (a)). Knots and weights are set
with reference to [41]. The area enclosed by the NURBS curve is subtracted by Boolean difference and a
pore within a sub- region is created (Fig. 7 (b)).

(a) (b)

Fig. 7: 2D porous structure.

The porosity of the 2D porous structure can be formulized as
Areay;

®)

- Areas;’
Areay, = aAreap, (6)
where Areay, is the area enclosed by the NURBS curve and « is the ratio of Areay, to Areap, .

If porosity P is a known parameter, from equation (4)- (6) we can get

P-Areas;

LUl + L) = (Ul L+l L+ 1 1) =2 (1% - V=5, (7)

a
where B is a constant.

If three of the four parameters [y, [,, 15,1, are known, the fourth one can be derived
_ Bl L+l =T (1 +p+3)

L - (8)

When the order of NURBS curve is 3, a is approximately equal to 0.83 according to large experiments
data.

4.2 3D Derived Polyhedron

Derived polyhedron is referred to as the control polyhedron of the NURBS pore which will be
subtracted from the sub- region. In 3D, each vertex of a box is the intersection of three faces and
according to the definition of derived polygon, each vertex has three derived points on the three
intersected faces as illustrated in Fig. 8 (a). Thus given a box whose vertices are4, B, ..., H, the derived
polyhedron is obtained by joining new vertices, and each new vertex (4') is related with the
corresponding derived points (4, 4, and A3). The given box is called parent polyhedron and its vertices
(4,B, ...,H) are parent vertices.

Inspired by the subdivision modeling methods of ‘Doo- Sabin’ [10, 11] and ‘Catmull- Clark’ [4] that
smooth the surface by generating new points based on the old points, edges or surfaces, we
propose an approach to generate new vertex A' from its parent vertex 4 and the three derived points
A4, A, As. These four points form a tetrahedron (see Fig. 8(b)) and the new vertex A4’ is the centroid,

A'=Z(A+ A+ Ay + 4y). 9)
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The eight new vertices form the derived polyhedron which is regarded as the control polyhedron
of the NURSB pore.

A 1 AS
* A
Al 3 .
Parent vertex
Az
A% New vertex A’
Parent polyhedron
(a) (b)

Fig. 8: Illustration of 3D derived polyhedron.

As an example in Fig. 9, the blue points are the new vertices and the red solid is the NURBS pore

obtained from the derived polyhedron. The porosity of the 3D porous structure
VolumeNL.

In Eq. (9), A4'is determined by A, A4,,A,and A; where A,, A,and A; are changeable. Parameter t is used to

describe the location of each derived point. When A;, A,and A5 are the coincident points of 4, the pore

and porosity is maximum and under the circumstances t = 0; when A;, A,and A5 are the points of the

other parent vertices of their corresponding edges, the pore and porosity is minimum and under the

circumstances t = 1.

Parent polyhedron

NUERS pore
New vertex

Fig. 9: A NURBS pore based on the derived polyhedron.

Boolean difference is operated between the NURBS pore and the sub- region after octree subdivision. In
order to guarantee the interconnectivity of the porous structure, the parent polyhedron should be
larger than the sub- region. The value range of parametert is set so as that the pore is tangent to the
sub- region’s faces when t is minimal (see Fig. 10(a)), and the porosity is also minimal P = 52.36%; the
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pore is tangent to the sub- region’s edges when t is maximal (see Fig. 10(b)), and the porosity has the
maximal value P =96.5% . Any pore between the maximum and minimum is bound to have
intersections with the sub- region results in a 3D irregular porous structure as shown in Fig. 11 and
the porosity 52.36% < P < 96.5%.

{a) (L)}

Fig. 10: The minimal and maximal pores of a sub- region.

(a) (b)

Fig. 11: 3D irregular porous structures.

4.3  Case Studies

Fig. 12 shows structures with different porosities modeled by methods in section 4.1. By applying this
approach, accurate porosites can be achieved and controlled and at the same time, the pores’ size is
also under control by quadtree subdivision. The 2D porous structure generation is implemented on
the grassy stem tubular structure as Fig. 13 illustrated. The outer cylinder shell is composed of dense
cells surrounding the elliptical- liked pores, and the central region is hollow. The subdivision times are
different in different regions according to the pore size. Assume the average pore size is m in the
outer side and n in the inner part, the subdidvision time i = %logz d

A as, m n
,Aerag, = — or —.
Aerasl. i P P

An example of 3D porous structure modeling is illustrated in Fig. 14 and a real object is
manufactured by Rapid Prototyping in Fig. 15. It is a bone- shaped porous structure containing more
than 1000 pores and the modeling time is about 4.5 minutes. 3D porous objects made by approach in
section 4.2 can guarantee the interconnectivity well and control the pore size through octree
subdivision, while the precise control of porosity is not easily obtained. The porosity is controlled by
the eight new vertices and each new vertex is determined by another four points (three are changeable
and one is fixed), in another word each new vertex is determined by three parameters. It may cost
large computation and spend lots of time and storage. A preferable way to control the porosity
roughly is to set the parameters through experiment data.
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il ik

Fig. 13: Model of the grassy stem.

5  DISCUSSIONS AND CONCLUSIONS

A new approach based on quadtree (octree) and T-mesh for representing porous structures is
proposed in this paper. Pore distribution is guaranteed by the flexibility of the quadtree and octree. T-
mesh is applied as a useful tool to improve the subdivision efficiency. Derived polygon and
polyhedron are introduced as the control polygon and polyhedron to generate NURBS curve and
surface. The polygon and polyhedron are controlled by the parameters that have direct relations with
pore area and shape. This at one hand guarantees the control ability to pore properties; on the other
hand the diversity is achieved by setting different values of the parameters. Authors of [17] also use
subdivision approach and Voronoi Diagram is applied; in this paper quadtree (octree) is used to do so
due to its unique advantages. This paper also introduces the porous structure modeling approach in
3D case while paper [17] mainly focuses in 2D.

In this paper, several parameters are defined to modify the porous structure and they can be set
by the users manually or can also be generated by the system randomly. These parameters describe
the porous structure roughly and quantitative relationship between the parameters and the desired
properties such as the mechanical strength are still not clear and further research needs to be done.
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Fig. 14: A bone shaped porous structures model (a) S, is generated to contain the modeling object (b)
Object after subdivision (the green boxes are the sub-regions after octree subdivision) (c) Porous
structures after implemented the algorithm in 4.2 (d)(e) Sectional view of the porous structures.

Fig. 15: Model made by Rapid Prototyping.
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