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ABSTRACT
Linear interpolation constitutes the most common type of interpolation currently employed in five-
axis computer numerically-controlled (CNC) surfacemachining. However, despite its popularity, this
type of interpolation constitutes one of the primary causes of the significant decreases in the over-
all productivity and accuracy of the five-axis machining process. This decline in efficiency can be
explained – at least in part – through the discontinuities in velocity that are present in the joint space
as well as through the geometry-based errors that are an expression of the unsynchronized trans-
lational and rotational motions associated with machine tool kinematics. To address these issues,
the present study proposes an alternate interpolation scheme based on a 5D cubic B-Spline whose
knot values are determined by means of ideal joint trajectories to be followed. Two supplementary
end conditions are then added to make the problem at hand determined in terms of control point
position. The implementation of the proposed technique revealed that in addition to its inherent C1

continuity, the proposed 5D B-Spline interpolation enables significant reductions of the machining
errors along the intended tool path.
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1. Introduction

In computer numerically-controlled (CNC) machining
technology, the interpolator is responsible for the trans-
lation in real time of the motion commands to be fol-
lowed to generate a workpiece with a minimum devia-
tion with respect to its digitally-designed shape. In the
early days of numerically controlled (NC) systems, tool
path interpolation was performed by means of linear
and circular interpolations which represent in fact simple
computations performed with a minimal amount of con-
straints. However, these straightforward interpolation
schemes are presently regarded as being unable to keep
up with modern accuracy and productivity demands
associated with the fabrication of mechanical compo-
nents whose shape is defined by multiple complex or
freeform surfaces.

The approximation of three-dimensional tool
paths/curves with a set of linear and circular piece-
wise segments results in a number of drawbacks, such
as: velocity discontinuities, feed rate/acceleration fluc-
tuations, increased controller memory requirements as
well as heavier data transmission loads. To exemplify, in
order to preserve a relatively constant feed rate along
the intended tool path and to reduce the number of
accelerations and decelerations that increase the overall
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machining time and overload machine tool drives, the
number of approximating linear piecewise segments
should bemaximized. On the other hand, long linear seg-
ments typically mean large deviations from the natural
curvature of the machined surface, and this in turn will
decrease significantly the both the quality and accuracy
of the machined surface. One of the solutions proposed
to address the aforementioned challenges was related to
the development of real-time interpolators attempting to
determine “online” or “on-the-fly” the position of the
“next” CC point along the intended tool path. How-
ever, with very limited exceptions [10], the vast majority
of early studies on CNC interpolators were focused on
three-axis machining instances.

By contrast, a growing number of recent research
attempts were directed towards the problematics of five-
axis machining. For instance, Rao and Sarma [21] have
proposed an interpolation scheme based on a tool path
discretization techniques aiming to maintain specific
contour, feed rate and orientation errors within an allow-
able range. Furthermore, Sencer et al. [22] have proposed
real-time feed rate scheduling algorithms for five-axis
CNC systems aiming to minimize the machining time
required for five-axis contour machining of sculptured
surfaces. The combined offline and online (real-time)
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method proposed by Fleisig and Spence [9] involves the
computation of three different spline curves to control
cutter position, orientation, and reparametrization. The
issue of constant feed rate along the tool path can be
elegantly solved by means of Pythagorean Hodograph
(PH) curves that were initially proposed by Farouki
and Sakkalis [7]. However, the theory of PH curves is
still insufficiently developed since so far it has not been
extended beyond the Euclidian 3D space [6] and PH
curve fitting still poses serious computational difficul-
ties [1]. The only attempt to apply the concept of PH
curves in five-axis machining proved to be cumbersome
and accompanied by a number of limiting assumptions
with respect to the shape of the sculptured surface and/or
initial discretization of the tool path [18].

Non-Uniform Rational B-Splines (NURBS) represent
a class of parametric curves with a special applicability
in CAD/CAM. As a result of the tight interdependence
between CAD/CAM and CNC systems, NURBS consti-
tute an attractive solution to five-axis interpolation issues.
The benefits associated with NURBS interpolation are
multiple, but they were generally linked to the robust-
ness of their representations as well as their C2 continuity.
The surveyed literature documents a number of five-axis
NURBS interpolators that were successfully developed
in the past – most commonly in the context of open-
architecture controllers [14,15,20,28,29,31]. It is worth
mentioning here that sometimes the termNURBS is used
inadequately since all control points are assumed of even
weight, which in turn means that NURBS have been
reduced to B-Spline formulations only.

As Makhanov [17] has correctly pointed out, one
of the common drawbacks of the NURBS interpolators
developed so far is that they tend to neglect the real cut-
ter trajectory as imposed by machine tool kinematics. As
a result, the interplay between theCAM-originated errors
and interpolation scheme was relatively less investigated.
One of the significant steps in this direction was made
by Langeron et al. [11] who proposed a cubic polynomial
B-Spline format for both cutter position and orientation
curves and incorporated machine tool kinematics in tool
path generation algorithm. Further developments of the
idea were later proposed byChiou and Lee [5] who devel-
oped a novel surface-based NURBS path interpolation
approach in which both machine tool configuration and
flat-end cutter geometry were taken into account. The
idea of constant feed rate surface-based interpolator was
further expanded by other researchers who have coupled
it with the isoscallop tool path constraint [16]. Recent
studies on the topic of five-axis interpolators advocate
strongly for a more powerful CNC programming lan-
guage to replace the overrestrictive G-code standard that
forces the controller to rely on approximations, rather

than exact representations of the intended tool path. A
good example in this regard was presented by Beudaert
et al. [2] who have integrated Sinumerik 840D with a
custom-build controller and - by accounting for the kine-
matic and dynamic behavior of the five-axis machine –
they were able to concurrently improve the accuracy and
the productivity of the machining process.

When it comes to interpolation in five-axis machin-
ing, two primary options exist: (i) tool path calculation
in workpiece coordinate system; and (ii) tool path calcu-
lation in machine control coordinate system. Langeron
et al. [11] have commented on the relative difficulty asso-
ciated with prioritization of these tasks in the context of
the overall structure of five-axis CNCmachining systems,
since problem (i) can be solved before or after problem
(ii). While most of the prior works have assumed that
problem (i) should be solved before problem (ii), the cur-
rent study practically advocates for solving (ii) prior to (i).
The rationale behind this decision is twofold: 1) perform-
ing the inverse kinematics in real-time by means of the
numerical controller will increase its computational load
and thismight have negative effects on the accuracy of the
machining operations; and 2) since CAM represents the
principal system tasked with tool path planning, it seems
appropriate to add inverse kinematics computations to its
activities, since this addition will increase the accuracy
of the pre-machining simulations. While some previ-
ous attempts have already been made in this direction
[3,26], the current study will provide a direct comparison
between linear and cubic B-Spline interpolations. How-
ever, unlike the previous studies, which relied on cubic
B-Spline fitting procedures based on conventional knot
removal algorithms [19] or on quadratic approximations
[3], the current work proposes an original cubic B-Spline
calculation technique simultaneously enforcing C2 con-
tinuity and 5D joint space of the five-axis machine tool.

2. 5D Interpolation in Five-axis Machining

2.1. Velocity Discontinuities in
Linearly-InterpolatedMotions

Due to the hardware limitations of the commercial con-
trollers commonly installed on five-axis machine tools,
the cutter is typically unable to accurately track a 3D tool
path located on a sculptured surface. The negative impact
of the frequent accelerations and decelerations required
to instantaneously change cutter’s direction of motion
has been experimentally assessed by Vickers and Bradley
[27], who have shown that the programmed feed rate is
achieved on average for only 10% of the total machining
time. Moreover, sudden changes in tool trajectory con-
tribute to the generation of non-smooth surfaces, that
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require additional polishing and therefore increases the
overall fabrication costs of the mechanical components
whose shape is delimited by freeform geometries [23,30].

In five-axis CNC machining, the tool path is typically
followed in a sequence of small discrete motions. The
distance between consecutive CC points – that consti-
tutes the core of the discretization algorithm – can be
determined based on several different geometric con-
straints. Some of the possible options in this regard are:
chordal deviation [8], geometry-based error [13], con-
stant parameter increment [18] or othermethods derived
from them [32]. Tool path discretization could also be
performed in such a way to enforce a constant feed rate
along the intended tool path in manner similar to that
suggested initially by Farouki and Sakkalis [7]. Regard-
less of the tool path discretization selected, an array of
successive CC points (PCCi and PCCi+1) will be generated
along the intended tool path (Fig. 1).

Figure 1. Discrete CC points along the intended tool path.

For each instantaneous CC point along the tool path,
tool posture (i.e. position and orientation) can be deter-
mined from a number of machining constraints, includ-
ing, but not being limited tomaximization of thematerial
removed, avoidance of the local surface gouging, gen-
eration of a constant scallop height on the machined
surface, etc. However, regardless of the machining con-
straints used to determine the cutter posture associated
with each of the discrete CC points chosen, the numerical
controller of the machine has to be instructed howmuch
to move each of the five axes (joints) of the machine in
order to reach the desired tool posture. In this case, the
conversion of tool posture from WCS to MCS has to be

performed through an inverse kinematics technique [24].
A schematization of this process is illustrated in Fig. 2.

Then, for each pair of consecutive CC points (CCi
and CCi+1), the intermediate tool postures are deter-
mined by employing an interpolation law that is available
within the numerical controller. In case of the linear
interpolation, this means that:

PMCC(λ) = PMCCi + λ · (PMCCi+1 − PMCCi) (1)

where PMCCi and PMCCi+1 are 5D machine control coor-
dinates associated with CCi and CCi+1 respectively, and
λ represents interpolation parameter.

For vertical spindle-rotating (SR) five-axis machines
also known as wrist-type, the actual trajectory followed
by CL point during linearly-interpolated motions has a
nonlinear nature and deviates out of the bilinear surface
delimited by OPi+1 , CLi+1, CLi, and OPi points as illus-
trated by Fig. 3. While performing these movements, the
pivot point of the machine (OP), located at the intersec-
tion of the two rotary axes of the machine, will follow
linear trajectories. When represented in 3D/2D trans-
lational/rotational machine control (joint) spaces, these
linearly-interpolated motions will approximate the ideal
MCC trajectory (�MCC) with a succession of linear seg-
ments (Fig. 3). As such, the ideal 5D MCC trajectory is
generated through conversion intoMCC space of the tool
postures corresponding to all tool path points.

Although from a strict algebraic perspective, the dis-
continuity analysis to be detailed below could be per-
formed directly in 5D space, all subsequent considera-
tions were made by separating the translational and rota-
tionalmotions, since they representmeasures with differ-
ent meanings and units. In a generic five-axis machining
operation, the discontinuities between two consecutive
linearly-interpolated cuttermovements as determined by
CCi, CCi+1 andCCi+2 tool path points can be assessed by
analyzing the magnitude and orientation of the paramet-
ric speeds acquired along each of the two linear segments
to be calculated as following (Fig. 4):

vT,RMCCi+1
= d[PMCCT,R(λ)]

dλ
= PMCCT,R

i+1
− PMCCT,R

i
(2)

where vT,RMCCi+1
represent the translational and rota-

tional parametric speeds, respectively, acquired along the
(i+ 1)-th linearly-interpolated segment. The two indices

Figure 2. Inverse kinematic transformation.
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Figure 3. Real CL trajectories for two consecutive tool path segments.

to be used to quantify 5D MCC velocity discontinuities
during linearly-interpolated motions along the tool path
are defined as:
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where �
T,R
θi+1, i+2

represents the absolute value of angular
change in velocity direction for two consecutive linearly-
interpolated segments. Velocity vectors are calculated
separately in the 3D translational (T) and 2D rota-
tional (R) machine joint spaces, respectively. Similarly,
�

T,R
|v|i+1, i+2

represents the ratio of two consecutive velocity
magnitudes as calculated in translational and rotational
joint spaces, respectively.

2.2. 5D Cubic B-Spline Interpolation

In order to address the velocity discontinuities associated
with linearly-interpolated motions, a novel interpolation
technique based on 5Dcubic B-Spline formulationwill be
developed in this section. Owed to its intrinsic definition,
B-Spline curve is a C2 continuous composite curve con-
sisting of multiple piecewise curves joined together at
knot points. Another major advantage of the 5D B-Spline
representation is that no further reparametrization is
required between the translational and rotational MCC
trajectories in order to preserve the desired synchro-
nization between them, since both curves share com-
mon a curve parameter and knot vector values. The idea
of multi-dimensional B-Spline (NURBS) curves is not

absolutely new in five-axis machining, but so far it was
only considered from a control-related perspective [4].

The shape of the 5D cubic B-Spline is determined
by the (n + 1) known data points yielded from the tool
path discretization algorithm. However, unlike generic
B-Spline fitting algorithms based on knot removal tech-
niques [19,26] or chord length parametrization [19], the
algorithm used in this section is based on a knot vector
whose components are synchronizedwith the set of given
data points. This approach will provide a direct compari-
son basis between 5D linear and B-Spline interpolations,
since both schemes approximate the ideal MCC curve
with the same number of given data points.

Let MCCi, i ∈ {0, 1, . . . , n} be the set of given
points to be interpolated by the 5D B-Spline. The 5D
coordinates of MCCi are to be determined through
inverse kinematics from discrete tool postures defined
along the intended tool path. The objective is to deter-
mine an open non-periodic uniform cubic (degree p= 3)
B-Spline that passes through all MCCi points in their
original sequential order. According to classical B-Spline
theory [19], the general expression of this 5D curve is:

PMCCB(λ) =
m∑
i=0

Ni,p+1(λ) · PCPMCCi
, λ ∈ [0, λmax]

(4)
where CPMCCi , i ∈ {0, 1, . . . , m} constitute the con-
trol points required to define the shape of the 5D cubic
B-Spline curve (Fig. 5), andNi,p+1(λ) represent the corre-
sponding blending functions associated with each of the
PCPMCCi

control points.
As mentioned above, the number of non-periodic and

uniform knots λi is purposely chosen to match the num-
ber of MCCi points. Because of this condition, the most
straightforward method to define the uniform knot val-
ueswould be by demanding that their distinct values to be
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(a)

(b)

Figure 4. Magnitude and angular velocity discontinuities in: (a) 3D translational, and (b) 2D rotational machine tool joint spaces.

defined simply as λi = i, with i ∈ {0, 1, . . . , n}. Since,
according to common CAD/CAM practices, the 5D B-
Spline has to pass through the first and last points of
the control polygon and it has to be tangent to first and
last segments of the control polygon, the complete knot
vector associated with the sought curve yields as:

� = [0 0 0 0 1 2 . . . n

n + 1 n + 1 n + 1 n + 1] (5)

The (p + 1) repeats of the first and last knot vec-
tor value ensures in fact the compliance with the two
aforementioned geometric B-Spline properties. Based on
these assumptions, the total length of � vector becomes
(n + 7), fromwhich it can be inferred that the number of

control points (m + 1) required to completely determine
the shape of the B-Spline curve is:

m + 1 = n + 7 − (p + 1) ⇒ m = n + 2 (6)

By substituting the values ofm and λmax from Eqn. (5)
and (6) into (4), the expression of B-Spline becomes:

PMCCB(λ) =
n+2∑
i=0

Ni,p+1(λ) · PCPMCCi
, λ ∈ [0, n + 1]

(7)
where blending functions Ni,p+1(λ) are defined in a
recursive manner as follows:

Ni,1(λ) =
{
1, λi ≤ λ ≤ λi+1

0, otherwise
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Figure 5. Characteristic elements of B-Spline curves.

Ni,p+1(λ) = (λ − λi)

(λi+p − λi)
· Ni,p(λ)

+ (λi+p+1 − λ)

(λi+p+1 − λi+1)
· Ni+1,p(λ) (8)

The coordinates of the unknown set of control points
can be determined by forcing the known set of given
points to become junction points between pairs of con-
secutive piecewise segments of the cubic B-Spline (with
the exception of the two end points):

PMCCi = PMCCB(λi), i ∈ {0, 1, . . . , n} (9)

Obviously, the (n + 1) conditions available through
Eqn. (9) are not sufficient to solve for the (n + 3)
unknown control points required to establish the shape
of the B-Spline curve. In this study, the two missing con-
ditions will be assumed to be provided by two end second
derivatives of the curve:∣∣∣∣∣dP

2
MCCB

(λ)

dλ2

∣∣∣∣∣
λ=0

=
∣∣∣∣∣dP

2
MCCB

(λ)

dλ2

∣∣∣∣∣
λ=n

= 0 (10)

Other supplementary end conditions could be used to
fully determine the shape of the B-Spline, but they would
usually involve a preselection of two end first derivatives
whose direction and magnitude are relatively difficult to
surmise [19].

According to Lee [12], the general formula for r-th
derivative of a B-Spline curve is:

dPrMCCB
(λ)

dλr
=

l∑
i=l−p+r

PrCPMCCi

· Ni,p+1−r(λ), λ ∈ [λl, λl+1] (11)

where

PrCPMCCi
= (p + 1 − r) ·

Pr−1
CPMCCi

− Pr−1
CPMCCi−1

λi+p+1−r − λi
(12)

Particularization of Eqn. (11) and (12) for the desired
end conditions specified by Eqn. (10), and derived for the
knot vector of the cubic B-Spline indicated by Eqn. (5)
yield the following relationships:

2PCPMCC0
− 3PCPMCC1

+ PCPMCC2
= 0

PCPMCCn − 3PCPMCCn+1
+ 2PCPMCCn+2

= 0
(13)

With these two supplementary conditions, the loca-
tion of the (n+ 3) unknown control points can be deter-
mined by simply solving the linear system of equations
formed through the merging of Eqn. (9) and (13).

Figure 6. Tool path and discretized CC points on the Bezier sur-
face.
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(a)

(b)

Figure 7. Joint space discontinuities in linearly-interpolatedmotions along the tool path: (a) velocitymagnitude change, and (b) velocity
direction change.

3. Implementation and Results

In order to demonstrate the utility of the proposed
approach, the magnitude and directional velocity dis-
continuities were assessed while performing 5D linear
interpolations along a sample isoparametric tool path
(v = constant) placed on a bicubic Bezier surface patch
PS(u, v) shown in Fig. 6. The approximate dimensions
of the surface are 110× 140mm. While more complex
tool path generation techniques could also be employed,
they are considered outside of the scope of the current
study that is focused on tool path interpolation schemes.

The five-axis machine tool assumed for this simula-
tion was a vertical spindle-rotating BA type, with B-axis
defined as primary rotary axis. The rotational arm of this
machine – defined as the distance from the intersection of
themachine’s rotary axes to tool’s CL point – had a length
of 200mm.The flat-end cutter assumed for this operation
had a diameter of 10mm. The intended isoparametric
tool path was discretized based on a chordal deviation of
0.08mm. Tool postures at each of the discrete CC points

were determined from maximum material removal and
gouging avoidance constraints and then converted into
machine control coordinates by employing an inverse
kinematics algorithm.

The angular andmagnitude variations of velocity dur-
ing five-axis linearly-interpolated motions of the cutter
along the isoparametric tool path are shown in Fig. 7. It
can be noticed that while frequent updates in the direc-
tion of both translational and rotational velocities are
necessary along the tool path, this is not the case for
translational velocity magnitude that tends to remain
relatively unchanged for multiple consecutive linearly-
interpolated segments. The increased rate of changes in
angular velocity can be attributed to the highly nonlinear
interdependence between tool orientation and rotational
machine control coordinates. On the other hand, the
reduced rate of change in translational velocity magni-
tude can be explained by means of the quasi-constant
arc length distances that exist between the successive
CC points as are generated by the discretization tech-
nique used.
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Figure 8. Comparison between geometry-based errors generated in the context of several different types of 5D interpolations.

Figure 9. The effectiveness of various interpolation schemes with respect to 5D linear baseline.

Indeed, sincemachined surface is characterized by rel-
atively low curvature values, chordal deviation algorithm
generates CC points that are quasi-equidistant in space
and therefore their associated pivot points will also be
located at almost equal distances both in workpiece and
machine control coordinate systems. As a result, the
changes in translational velocity magnitudes required to
pass through these points in 3D translational joint space
will be minimal. However, as shown in Fig. 7b the direc-
tion of the translational velocity has to be tuned contin-
uously, since the selected tool path is a 3D spatial curve
that is far from being isoplanar.

All discontinuities outlined by 7 were practically elim-
inated through introduction of 5D cubic B-Spline inter-
polation scheme implementing the method described
in Section 2.2, above. For this particular tool path, the
15 given 5D MCC space points were interpolated with
a B-Spline whose shape was determined by 17 control
points.

According to Eqn. (5), the range of variation for curve
parameter λ is [0, 14], with a total of 21 knots required.
Each distinct knot value is associated with one of the 15
given 5D MCC points.

By comparing the size of the geometry-based errors
that were generated by means of the proposed 5D cubic
interpolation with three others that were previously [3]
analyzed (e.g. 2D linear – 3D circular, 2D circular – 3D
circular, and 5D quadratic) alongside with the baseline
5D linear technique [25] (Fig. 8), it can be noticed that
in addition to C2 continuity, the new scheme is capable
of important machining error reductions with respect to
the baseline (Fig. 9).

The explanation of this significant reduction in the
magnitude of geometry-based errors resides in the supe-
rior approximation of the ideal MCC curve that is
enabled by the use of proposed 5D cubic B-Spline inter-
polation. Furthermore, as Fig. 8 suggests, while no vir-
tually no difference between 5D quadratic and 5D cubic
B-Spline exists in terms of machining error, the latter
remains superior because of its inherent C2 continuity.
However, the existence of small geometry-based errors
indicates that although the 15 targeted ideal tool postures
were reached in a synchronized translational and rota-
tional manner, the developed 5D B-Spline interpolation
scheme still causes cutter deviations from the desired tool
path between the given MCC points.
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4. Conclusions

This study proposes an enhanced 5D B-Spline interpola-
tion technique for five-axis sculptured surface machin-
ing. Due to the inherent definition of B-Spline curves,
a continuous curve is generated in 5D machine control
coordinate space, such that no translational or rotational
velocity discontinuities are further generated in joint
space. In addition to the increased productivity achieved
as a result elimination of sudden changes in the magni-
tude and direction of 5D MCC velocity during linearly-
interpolated motions along the tool path, the devel-
oped higher-order interpolation scheme enables signif-
icant accuracy increases that were quantified through
geometry-based error amounts. Indeed, for a certain
tool path discretization, 5D B-Spline interpolation intro-
duces significantly lower geometry-based errors along
the intended tool path. This notable CAM-originated
error reduction/compensation represents in fact a conse-
quence of the improved approximation of 5D ideal MCC
trajectory that is enabled by the implementation of the
proposed B-Spline interpolation scheme. To the best of
authors’s knowledge, the proposed approach represents a
first attempt to fit a C2 continous 5D cubic B-Spline to the
ideal joint motions represented in the 5D MCC space of
a five-axis machine tool.

Further work will attempt to further increase the pre-
cision of the developed technique by investigating the
possibility to extend the problem into the context of 5D
NURBS. This could lead to significant reductions in the
number of given data points required for ideal MCC tra-
jectory approximation to be compensated by means of
nonuniform weights assigned to the control points of
the 5D NURBS curve to be tracked by the numerical
controller.
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