485

Subdivision Depth Computation for Catmull-Clark Subdivision Surfaces
Fuhua (Frank) Cheng® and Jun-Hai Yong?

University of Kentucky, cheng@cs.uky.edu
2Tsinghua University, yongih@tsinghua.edu.cn

ABSTRACT

A subdivision depth computation technique for Catmull-Clark subdivision surfaces (CCSS's) is
presented. The subdivision depth computation technique also includes distance evaluation
techniques for CCSS patches with their control meshes. The distance and the subdivision depth
computation techniques provide the long-needed precision/error control tools in subdivision
surface trimming, finite element mesh generation, Boolean operations, and surface tessellation for
rendering processes.
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1. INTRODUCTION

Subdivision surfaces have become popular recently in graphical modeling, animation and CAD/CAM because of their
stability in numerical computation, simplicity in coding and, most importantly, their capability in modeling/representing
complex shape of arbitrary topology. Given a control mesh and a set of mesh refining rules (or, more intuitively,
corner cutting rules), one gets a limit surface by recursively cutting off corners of the control mesh [3, 6]. The limit
surface is called a subdivision surface because the corner cutting (mesh refining) process is a generalization of the
uniform B-spline surface subdivision technique. Subdivision surfaces include uniform B-spline surfaces and piecewise
Bezier surfaces as special cases. Actually subdivision surfaces include non-uniform B-spline surfaces and NURBS
surfaces as special cases as well [11]. Subdivision surfaces can model/represent complex shape of arbitrary topology
because there is no limit on the shape and topology of the control mesh of a subdivision surface. With the
parametrization technique of subdivision surfaces becoming available [12], we now know that subdivision surfaces
cover both parametric forms and discrete forms. Since parametric forms are good for design and representation and
discrete forms are good for machining and tessellation (including FE mesh generation) [1], we finally have a
representation scheme that is good for all graphics and CAD/CAM applications.

Research work for subdivision surfaces has been done in several important areas, such as surface trimming [8],
Boolean operations [2], and mesh editing [14]. However, the area of precision/error control for Catmull-Clark
subdivision surfaces (CCSS's) is almost blank. For instance, given an error tolerance, how many levels of recursive
Catmull-Clark subdivision should be performed on the initial control mesh so that the distance between the resultant
control mesh and the limit surface would be less than the error tolerance? This error control technique is required in all
tessellation based applications such as subdivision surface trimming, finite element mesh generation, Boolean
operations, and surface tessellation for rendering. A subdivision depth computation method based on an exponential
bound of the distance between a CCSS patch and its control mesh has been presented [13]. Unfortunately, some of
the claims in this paper do not seem to be true. For instance, the distance between a CCSS patch and its control mesh
need not reach the maximum at a control vertex. A subdivision depth computation technique based on bounds of
second derivatives has been presented for tensor product rational surfaces [4]. The technique used for tensor product
rational surfaces can not be used here because the parameter space of a CCSS usually does not fit into a rectangular
grid structure.

In this paper we present a different technique to compute the subdivision depth for a CCSS patch. The subdivision
depth computation technique also includes distance evaluation techniques for a CCSS patch with its control mesh.
The new techniques are based on the control points of the CCSS patch only and work for CCSS patches with or
without an extraordinary vertex. The presented subdivision depth computation technique provides an efficient error
control tool that works for all tessellation based applications of CCSS's. A potential disadvantage of the subdivision
depth computation technique is that it might generate a relatively large subdivision depth for a patch with an
extraordinary vertex even though the patch is already flat enough. This is due to the fact that the first order norm can

Computer-Aided Design & Applications, Vol. 3, Nos. 1-4, 2006, pp 485-494



486

not measure the curvature difference between two points. A possible solution to this problem in given in the last
section.

2. SUBDIVISION DEPTH COMPUTATION FOR REGULAR PATCHES

Let V,, V;, V, and V; be the control points of a uniform cubic B-spline curve segment C(t) whose parameter space is
[0, 1]. If we parametrize the middle leg of the control polygon as follows: L(t) = V; + (V, -V, )t, 0<t<1, then the
maximum of |L(t)- C(t)] is called the distance between the curve segment and its control polygon. It is easy to see that

(1-1)°

ILo-ce - [

1
< zmax2Vy - Vo - Vel [2Vz - Vi - Ve . (1)

;3
(2v; - Vg -V2)+Z(2V2 -V -Vs)(

Since (2 V; -V, -V, )/6 and (2 V, - V; - V,)/6 are the values of L(t) - C(t) at t=0 and t=1, we have the following
lemma.
Lemma 1: The maximum of |[L(t)- C(t)] occurs at the endpoints of the curve segment and can be expressed as

max|L()- C() - %maxﬂZVl -Vo - Vgl |2V - Vi - V] }. (2)

A form more general than Eqn. (1) has been proved by Peters [9]. His result works for uniform B-spline curves of
any degree. However, the above result is more intuitive and is all we need for subsequent results. We next define the
distance between a uniform bicubic B-spline surface patch and its control mesh.

Let V,;, 0 < i, j < 3, be the control points of a uniform bicubic B-spline surface patch S$(u,v) with parameter space
[0,1] x[0,1]. If we parametrize the central mesh face { V; ;, V,;, V;,, V,, } as follows:

Liuv) =(1-0) [ (1-u) Vi +uVy; T+ o [ (T-u) Vg +uVy,], 0<uv <1,

then the maximum of || L(u,v) - S (u,v) || is called the distance between S(u,v) and its control mesh. If we define

— 3 — 3
Q. = (T-u)Vy+uVy,, Q) = (1-0)V, 140V, Q) = 'ZONI',S(”)Vi,k and Q= ‘ZONj,S(U)Vk,j , where N(t) are
i= j=

standard uniform B-spline basis functions of degree three, we have

— — 3 —
L(w,0) = S(u, vl < (1= 0)|Qu1 — Qua |+ v|Quz ~ Quez| + > N3 ()Qu, - Qi
iz
By applying Lemma 1 on || Q.- Q ul || , || Q.- Q w2 || , and || Q,;- Q 0 | ,i=1,2, 3, and by defining M° as

the maximum norm of the second order forward differences of the control points of S(u,v), we have
1 1
IL(w.0)- S(wv) < g[(1 “0)MO +uMO + 33 N5 (MO < Mo
MP is called the second order norm of S(u,v). This leads to the following lemma.

Lemma 2: The maximum of || L(u,v) - S (u,v) || satisfies the following inequality

max ||L(u,v)-S(u,v)|| < lM0 , (3)
0<u,w<l 3
where M is the second order norm of S (u,v).

Note that even though the maximum of || L(t) - C(t) || occurs at the end points of the curve segment C(t), the
maximum of || L(u,v) - S (u,v) || for a surface patch usually does not occur at the corners of S (u,v). This follows
from the observation that if this is the case then the maximum of || L(u,0) - S (u,0) || would occur at the endpoints of

S (u,0). But unlike the curve case, || L(u,0) - S (u,0) || does not satisfy an expression of the following form

(1-4)3(2V, -V, -V,)/6 + £3(2V, -V, -V, )/6
What we have is the one shown below
L(u,0) - S (u,0) = (1-u)*[L(0,0) -§(0,0)] + u® [L(1,0) -S(1,0)]+u(1-u)(2-u)[L(0,0)-( V o+ 2V, + V,, )/6]
+ u(1-u)(2-u)[L(1,0)-( Vo + 2V, + V,, )/6].
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The second and third terms on the right hand side usually are non-zero (actually, they could be very large in
magnitude if V,; and V,, are very far away from the other control points). Therefore, the maximum of || L(u,0) - S

(u,0) || is not necessary to occur at the endpoints of S (u,0). Consequently, the maximum of || L(u,v) - S (u,v) || is

not necessary to occur at the corners of S (u,v). In the following, we present subdivision depth computation technique
for CCSS patches not adjacent to an extraordinary vertex.

Let V;;, 0 < i,j < 3, be the control points of a uniform bicubic B-spline surface patch $(u,v). We use V,..j", 0<i,j
< 3421, to represent the new control points of the surface patch after k levels of recursive subdivision. The indexing
of the new control points follows the convention that Vo is always the face point of the mesh face { V¢, V, 7,
V.7, V! }. The new control points V,* will be called the level-k control points of S(u,v) and the new control mesh
will be called the level-k control mesh of S (u,v).

Note that if we divide the parameter space of the surface patch into 4* regions as follows:

m m+1 n n+l

abam| 5 5 @

where 0 < m, n < 251 and let the corresponding subpatches be denoted Sm,nk(u,u), then each Smynk(u,v) is a uniform
bicubic B-spline surface patch defined by the level-k control point set { Vp,q" | m<p<m+3,n<q<n+3 }.
S, (u,v) is called a level-k subpatch of S(u,v). One can define a level-k bilinear plane L, ,* on { V, * | p = m+1,
m+2; ¢ = n+1, n+2 } and measure the distance between L,, *(u,v) and S, ,"(u,v). We say that the distance between
S(u,v) and the level-k control mesh is smaller than} & if the distance between each level-k subpatch Smynk(u,u) and the
corresponding level-k bilinear plane L,, *(u,v), 0 < m, n < 21, is smaller than ¢ . In the following, we will show how
to compute a subdivision depth k for a given ¢ so that the distance between S(u,v) and the level-k control mesh is
smaller than & after k levels of recursive subdivision. The following lemma is needed in the derivation of the
computation process. If we use Mmynk to represent the second order norm of Sm,nk(u,u), i.e., the maximum norm of the
second order forward differences of the control points of Sm,nk(u,u), then the lemma shows the second order norm of

S,.F(u,v) converges at a rate of 1/4 of the level-(k-1) second order norm. The proof of this lemma is shown in the
complete version of the paper [5].

Lemma 3: If M, * is the second order norm of S, ,(u,v) then we have
k
MK < [%j MO, (5)
where M? is the second order norm of S(u,v).

With Lemmas 2 and 3, it is easy to see that, forany 0 < m, n < 25! we have

maXx
0<u,v<1

mn =g

k k 1.k 1 (1Y o
L, n(t,0) = SF, (0] < FMen<3x| ] MO (6)
Hence, if k is large enough to make the right side of Eqn. (6) smaller than &, we have

max L’f,,,n(u, v)— an,n(u, v)“ <eg

0<u,v<1

for every 0 < m, n < 2+, This leads to the following main result of this subsection.

Theorem 4: Let 'V,
given ¢ >0, if

0
k> {m%%ﬂ (7)

levels of recursive subdivision are performed on the control points of S(u,v) then the distance between S(u,v) and the
level-k control mesh is smaller than & where M? is the second order norm of S(u,v).

0 < i,j <3, be the control points of a uniform bicubic B-spline surface patch S(u,v). For any

3. SUBDIVISION DEPTH COMPUTATION FOR EXTRA-ORDINARY PATCHES

The subdivision depth computation process for a CCSS patch near an extraordinary vertex is different. This is because
in the vicinity of an extraordinary vertex one does not have a uniform B-spline surface patch representation and,
consequently, cannot use the technique of Theorem 4 directly. Fortunately, the size of such a vicinity can be made as
small as possible, therefore, one can reduce the size of such a vicinity to a degree that is tolerable (i.e., within the given
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error bound) and use the technique of Theorem 4 to work on the remaining part of the surface patch. A subdivision
depth computation technique based on this concept for a CCSS patch near an extraordinary vertex will be presented
below. We assume the initial mesh has been subdivided at least twice so that each mesh face is a quadrilateral and
contains at most one extraordinary vertex. We need to define a few notations first.

Let T={V,| 1< i< 2N+8} be a level-0 control point set that influences the shape of a surface patch S(u,v)
(=S(u,v)). V; is an extraordinary vertex with valence N. The control vertices are ordered following Stam's fashion
[12] (see Fig. 1.).

b

%C>
O
®

2
¥
2
¥
(3

O
%)

2
7

O-Ck
-O-(%

O-Ox¢
1000

OE
HOEG?!
O
B

2
n
B
¥
2
¥
g
¥

®:
Q

3

:

N

:
C: &

)

OO
A
ps
{
A\

S

Fig. 1. (a) Ordering of control points for an extra-ordinary CCSS patch; (b) Control point sets 1", IT," and ITj".

If we use V" to represent the level-n control vertices generated after n levels of recursive Catmull-Clark subdivision,
and use S,", S;", S," and S;" to represent the subpatches of S;*! defined over the tiles

an-loL|xot| ar=| L 1 Lot |t L |1 L |
2n 2n 2n 2)171 2n 2n 2)171 2n 2)171

Q3= {O’ZL”} X {i, 1 }, respectively, then the shape of S,", S,", S," and S;"are influenced by the level-n control

2n 271—1

point sets I, TT,", I1," and II 3", respectively. 1" is defined by IT,* = { V" | 1 < i < 2N+8 }, and definition of
I1,", I1," and I15" can be found in Fig. 1(b). §;", S," and S," are standard uniform bicubic B-spline surface patches
because their control meshes satisfy a 4-by-4 structure. Hence, the technique described in Theorem 4 can be used to
compute a subdivision depth for each of them. §;" is not a standard uniform bicubic B-spline surface patch. Hence,
Theorem 4 can not be used to compute a subdivision depth for §," directly. For the convenience of reference, we shall
call ;" a level-n extraordinary subpatch of S(u,v) because it contains the limit point of the extraordinary points (The
proof is in the next subsection.) Note that if Hy and H,, are column vector representations of the control points of IT ;°
and II ", respectively, Hy= (V,, Vi, ..., Vouug)', and H = (V" V", ..., Vo, s")', where (X, X, ..., X)' represents the
transpose of the row vector (X, X, ..., X) then we have

H,=(T'H,, 8)
where T is the (2N+8) X (2N+8) (extended) subdivision matrix defined as follows [7, 12]:
T[T 0 9)
Ti1 Ti2
with
an bN CN bN CN bN oo bN CN
d d e e 0 O e e
f f f f 0 O 0 O
T d e e d e e 0 O ’ (10)
f 0 0 f f f 0 0
d e 0 0 0 O
f f 0 0 0 O f f
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c 00 b ab 00O
e 00 eddO0OO0O 0
b OO c b abc O
Tii=le 0 0 0 0 d d e O, (11)
e 00 ddeO0OO0O
b c b abc 00O
e edd0O0O0O0O
c b c 0Ob c O
0O ee 00O0O
O cbcO0O0O
Ti2=|0 0 e e 0 0 0O}, (12)
0000 eeoO
0000 c b c
0 OO OO0 e e
and ay=1-7/(4N), by=3/(2N?), cy=1/(4N?), a=9/16, b=3/32, c=1/64, d=3/8, e=1/16, f=1/4.

3.1 Computing Subdivision Depth for a Vicinity of the Extraordinary Vertex
The goal here is to find an integer n, for a given & > 0 so that if n ( > n, ) recursive subdivisions are performed on
IT,°, then the control point set of the level-n extraordinary subpatch S," of S(u,v), T"={ V" | 1 <i < 2N+8},is
contained in the sphere B(V;""!, ¢ /2) with center V,""1=(V," + V" +V." +V,")/4 and radius & /2. Note that if the
(2N+8)-point control mesh I1 " is contained in the sphere B(V"*!, & /2) then the level-n extraordinary subpatch S;"
is contained in the sphere B(V;""!, £/2) as well. This follows from the fact that S,", as the limit surface of 1", is
contained in the convex hull of 11 ,"and the convex hull of T " is contained in the sphere B(V;""!, ¢ /2). But then we
have
max || S, (u,0) - Ly"(u,v) || < ¢ (13)
where Lj"(u,v) is a bilinear plane defined on the level-n mesh face {V,", V", V", V" }. The construction of such an
n, depends on several properties of the (extended) subdivision matrix T and the control point sets IT ,".

First note that since all the entries of the extended subdivision matrix T are non-negative and the sum of each row
equals one, the extended subdivision matrix is a transition probability matrix of a (2N+8)-state Markov chain [10]. In

particular, the (2N+1) x (2N+1) block T of T is a transition probability matrix of a (2N+1)-state Markov chain. The

entries in the first row and first column of T are all non-zero. Therefore, the matrix T is irreducible because T 2 has
no zero entries and, consequently, all the states are accessible to each other. On the other hand, since all the diagonal

entries of T are non-zero and entries of T " are non-zero for all n > 2, it follows that all the states of T are aperiodic
and positive recurrent. Consequently, the Markov chain is irreducible and ergodic. By the well-known theorem of

Markov chain ([10], Theorem 4.1), Tn converges to a limit matrix T * whose rows are identical. More precisely,

Ay Ay o Agnig
—n =% | A1 Ao - A
imT" =T ="} 72 7 7] (14)
N o :
Ar Az o Agnyg
where A ; are the unique non-negative solution of
2N+1 -
Aj= '21 Ajtij, j=12,--2N +1,
aNs1 (15)
2 AJ = 17
j=1

with t ;; being the entries of T . One can easily get the following observations.
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The vector ( A |, A, ..., A 4y,) satisfies the following properties:

A =N/(N+5), A, = A= ... =A, = 4/(N(N+5)), and A3 = Ag=..=A 1 = V/NIN+5)).

The matrix T * is an idempotent matrix, i.e., T'T" . Hence, T " has two eigenvalues, 1 and 0 (with
multiplicity 2N).

T has 1 as an eigenvalue and all the other 2N eigenvalues of T have a magnitude smaller than one.

As it is well known [7], the limit point of { V;" } is V"= A [V;+ A V4. 4+ A 5y, Voy, 1. But Vi is actually the
limit point of all V", j=1, 2, ... , 2N+8. Therefore, the convex hull of {V;", V", ..., Vyy <"} converges to \'A
when n tends to infinity and, consequently, V;" = §(0,0). The fact that V;" is the limit point of { V;", V,", ...,
V,ni1" } follows from Eqns.(8) and (14). The fact that V," is also the limit point of { Vyy.5", Vansa”, - » Vonsg" T iS
proved in the complete version of the paper [5].

The last observation is important because it shows that

max

Vellg

\/ao VH (16)

converges. Therefore, it is possible to reduce the size of S;" to a degree that is tolerable if n is large enough. For a given

E >

£/2).

0 we will find an n, so thatif n > n, then the level-n control point set IT ;" is contained in the sphere B(V,"*",

To do this, we need to know how fast Eqn. (16) converges.
.D/ I‘<M.\ 7N.X
5 6/ / h \/ﬂ o
. . s
Py
i
> ’\‘N +8
e
™ N+6
.“\A
@ N7
.
i A,
7./ / \\’.'\ /
/ e
/ é— / N6
/(/Zﬁtz\/ S 2:!3\./2]12

Fig. 2. Control point sets @,", ®,", ®," and ®;".

Let @y, ®*, ®,F and @, be subsets of IT ,* defined as follows (see Fig. 2.):

o
ok
(Vghi
Gj =
Gt
Gh =

Gf =

k .
S| =12 2N 1),

k .
=V; | ]:1,4,5,---8,2N+3,2N+4,2N+5}, (17)

= jk | j=1456,2N + 22N +3,2N +4,2N + 6,2N + 7},
— VK| j=1262N+62N+72N+ 8},
n ®,* should be replaced with V,* if N=3) and define G, G;*, G,* and G;* as follows:
= max V1 —V“,
Ved
= max“V6 —V”,
Vedk a8
= max “VE, —V”,
= max V4 —V”.
Vedk

GF is called the first order norm of @, i=0, 1, 2, 3. We need the following lemma for the construction of n,. The

proof is shown in the complete version of the paper [5].

Le

mma 5: If ®F and G are defined as above then, for i=0, 1, 2, 3, we have
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k
G) GO, if N=3,
Gk < ) (19)
3,7 1B 1VG0 N5
4 4N 2N?

where G’ =max { G, G,°, G,°, G° }. G, is called the first order norm of T1 ;.

To construct n,., note thatif V € IT,"and V € @,", we have

n+l <l n_yn l n_yn l n_yn n_ <Z n
‘V5 VH_ v -vi +4‘v5 v/ +4‘v6 v/ +‘v1 v”_ 4G
It is easy to prove that similar inequalities hold for ®,", ®," and ®;" as well. Hence, for each Ve I1 ", by Lemma 5, we
have
n
%x[%j G, if N=3,
st - v]< n (20)
7 (3 7 13 0 .
—x|=+—-—+%| G", if N>5.
. [4 TaN 2N2] !
. . 3 7 13 e
Since the maximum of —+————— occurs at N=7, Eqn. (20) can be simplified as
4 4N 9N?
n
vzt —V“Szx(l) G°, (21)
4 \s5
where
%, if N=3,
S= (22)
%, if N>5.
85

Hence, || AVAL V" is smaller than ¢ /2 if n is large enough to make the right hand side of Eqn. (21) smaller than or
equal to ¢ /2. Consequently, we have the following theorem.
Theorem 6: Let T1,° = { V,| 1 < i < 2N+8 } be a level-0 control point set that influences the shape of a CCSS

patch S(u,v) (=S,2(u,v)). V; is an extraordinary vertex with valence N. The control vertices are ordered following
Stam's fashion [12] (see Fig. 1.). For a given ¢ >0, if n, is defined as follows:

0
n, = {log{%ﬂ , (23)

where 6 is given in Eqn. (22) and G° is the first order norm of IT %, then the distance between the level-n
extraordinary subpatch §,"(u,v) and the corresponding bilinear plane L,"(u,v) is smaller than or equal to ¢ ifn > n,.

Theorem 6 shows that the rate of convergence of the control mesh in the vicinity of an extraordinary vertex is fastest
when valence of the extraordinary vertex is three.

3.2 Computing Subdivision Depth for the Remaining Part
The idea here is, for each k between 1 and n,, to determine a subdivision depth D, (> n, ) so that if D, recursive

subdivisions are performed on the control mesh IT ° of S(u,v), then the distance between the level-D, control mesh
and the subpatches S, i=1, 2, 3, is smaller than & . Consequently, if we define D to be the maximum of these D, (i.e.,
D =max {D,| 1< k £ n, }), then after D recursive subdivisions, the distance between the level-D control mesh

and the subpatches S/, i=1, 2, 3, would be smaller than & for all 1 < k < n,. Note that the distance between the
level-D control mesh and the subpatches S, S,* and S;* for n, +1< k < D, and the distance between the level-D

control mesh and the level-D extraordinary subpatch S;° would be smaller than & as well. This is because these
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subpatches are subpatches of S 85 and the distance between ng and the level-n, control mesh is already smaller

than & . Hence, the key here is the construction of D,. We will show the construction of D, for S;%(u,v). This D, works
for §,%(u,v) and S,*(u,v) as well.
For 0 < u, v < 1, define a bilinear plane L,*(u,v) on the mesh face { V., V., V,y, 7, Von.© Yas follows:

L (u,v) = (1-0) [ (1-u) VSF + u V] + v [ (1-u) Vo, /5 + u Vo 6F 1. (24)
Since S;*(u,v) is a uniform bicubic B-spline surface patch with control mesh IT ;5(u,v), we have, by Lemma 2,
|| L, (u,v) - S;(u,v) || <Z,3, (25)
where Z:* is the second order norm of §;%(u,v). If we define Z; to be the second order norm of Si(u,v), we have
Z < WZFL < (W)kZ,°, (26)
where
2 if N=3,
3 21
w=ll, 1, 2L N5 (27)
2 4N 4N?
3,221 i N>s,
4 N 9N?

The proof of Egn. (26) is shown in the complete version of the paper [5]. Hence, by combining the above results, we
have

Lemma 7: The maximum distance between S, and L,* satisfies the following inequality
max || L, (u,v) - S;(u,v) || < (W)Z2,%/3, (28)
where W is defined in Eqn. (27) and Z,° is the second order norm of S(u,v).

It should be pointed out that when defining Z,, only the following items are needed for second order forward
differences involving V"
|| 2V -V, - V2[0+2)\%N]i|| , j=1,2,...,N.
Lemma 7 shows that if (W)"Z,’/3< & then the distance between S,* and L, is already smaller than &. However,
since n, subdivisions have to be performed on IT ° to get SS” anyway, D, for S;* in this case is set to n,. This

condition holds for S, and S,* as well.
If (W)kZ,%/3> &, further subdivisions are needed on IT %, i = 1, 2, 3, to make the distance between S, i = 1, 2, 3,
and the corresponding mesh faces smaller than & . Consider S;* again. S, is a uniform bicubic B-spline surface patch

with control mesh IT ;*. Therefore, if I, recursive subdivisions are performed on the control mesh IT ;¥ by Lemma 2
and Lemma 3, we would have

I . 1 (1Y,
I} wo)-Sfuo)| <2 (5] 2~ (29)

where Lg‘ (u,v) is a level-I, control mesh relative to IT ;* and Z,* is the second order norm of S,5(u,v). Therefore, by

combining the above result with Eqn. (26), we have

Ik
" Lg‘ (u,v) - SSk(u,U) ” < % (%) (W)kzoo’ a0
We get the following Lemma by setting the right hand side of Eqn. (30) smaller than or equal to & .

Lemma 8: In Lemma 7, if the distance between S;* and L, is not smaller than &, then one needs to perform I

k -0

more recursive subdivisions on the level-k control mesh IT ,* of S,* to make the distance between S,* and the level-
(k+1,) control mesh smaller than & .
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This result works for §,* and S, as well. Note that the value of (W)¥Z,° is already computed in Lemma 7 and W has
to be computed only once. Therefore, the subdivision depth D, for S;*, S§,* and S.* is defined as follows:

k -0
Dy = max{n‘g Jk+ {log‘{(wc)a—zoﬂ} (32)
£

Consequently, we have the following main theorem:

Theorem 9: Let [T > ={V, | 1 < i < 2N+8 } be the control mesh of a CCSS patch S(u,v). The control points
are ordered following Stam's fashion [12] with V; being an extraordinary vertex of valence N (see Fig. 1). For a given
& > 0, if we compute n, as in Eqn. (23) and D as follows:

D=max{D,|1< k< n,} (33)

where D, is defined in Eqn. (32) then after D recursive subdivisions, the distance between S(u,v) and the level-D
control mesh is smaller than & .

4. EXAMPLES

Some examples of the presented distance evaluating and subdivision depth computing techniques are shown in this
section. In Figs. 3(a), 3(b) and 3(c), the distances between the blue faces of the control meshes and the corresponding
limit surface patches are 0.034, 0.15 and 0.25, respectively. For an error tolerance of 0.01, the subdivision depths
computed for these mesh faces are 1, 22 and 24, respectively. The reason that the last two cases have large subdivision
depths is because each of them has an extraordinary vertex. For the blue mesh face shown in Fig. 3(c), subdivision
depths for error tolerances 0.25, 0.2, 0.1, 0.01, 0.001, and 0.0001 are 1, 3, 9, 24, 40, and 56, respectively.

(b)
Fig. 3. Distance and subdivision depth computation for a CCSS patch with: (a) no extraordinary vertex, (b) an extraordinary vertex of
valence 8, (c) an extraordinary vertex of valence 5.

5. CONCLUSIONS
A subdivision depth computation technique for CCSS's is presented. This technique provides a precision/error control
tool for all tessellation based applications of subdivision surfaces.

One possible disadvantage of the subdivision depth computation technique is that it might generate a relatively large
subdivision depth for a vicinity of an extraordinary vertex which is actually quite flat. This is because the first order
norm can detect the location difference of two points, but not the difference between their curvatures. Therefore, even
though two points are on the same plane, as far as they are far apart, a large n, would still be generated by the

subdivision depth computation process (see Theorem 6). A possible solution to this problem is to consider second
order norm for @, ®,", ®," and ®5" as well as the first order norm when computing n, for the vicinity of an

extraordinary vertex.
6. ACKNOWLEDGEMENTS

The work of the first author is supported by NSF (DMI-0422126). The work of the second author is supported by NSF
of China (60403047), NCET(NCET-04-0088) and FANEDD (200342).

7. REFERENCES
[1] Austin, S., Jerard, R. and Drysdale, R., Comparison of discretization algorithms for NURBS surfaces with
application to numerically controlled machining, Computer Aided Design, Vol. 29, No. 1, 1997, 71-83.

Computer-Aided Design & Applications, Vol. 3, Nos. 1-4, 2006, pp 485-494



494

(2]

(3]

(5]

(6l

(8]
9]
[10]
[11]
[12]
[13]

(14]

Biermann, H., Kristjansson, D. and Zorin, D., Approximate Boolean Operations on Free-Form Solids. In
Proceedings of SIGGRAPH, 2001, 185-194.

Catmull, E. and Clark, J., Recursively Generated B-spline Surfaces on Arbitrary Topological Meshes. Computer-
Aided Design, Vol. 10, No. 6, 1978, 350-355.

Cheng, F., Estimating Subdivision Depths for Rational Curves and Surfaces. ACM Trans. on Graphics, Vol. 11,
No. 2, 1992, 140-151.

Cheng, F. and Yong, J.-H., Subdivision Depth Computation for Catmull-Clark Subdivision Surfaces.
http://www.cs.uky.edu/~cheng/publ.html, or http://cgcad.thss.tsinghua.edu.cn/~yongjh/, 2006.

Doo, D. and Sabin, M., Behavior of Recursive Division Surfaces near Extraordinary Points. Computer-Aided
Design, Vol. 10, No. 6, 1978, 356-360.

Halstead, M., Kass, M. and DeRose, T., Efficient, Fair Interpolation Using Catmull-Clark Surfaces. In
Proceedings of SIGGRAPH’93, pp 35-44.

Litke, N., Levin, A. and Schroder, P., Trimming for Subdivision Surfaces. Computer Aided Geometric Design,
Vol. 18, No. 5, 2001, pp 463-481.

Lutterkort, D. and Peters, J., Tight linear envelopes for splines. Numerische Mathematik, Vol. 89, No. 4, 2001,
pp 735-748.

Ross, S. M., Introduction to Probability Models. Academic Press, Inc., Orlando, Florida, 1985.

Sederberg, T. W., Non-Uniform Recursive Subdivision Surfaces. In Proceedings of SIGGRAPH’99, pp 387-394.
Stam, J., Exact Evaluation of Catmull-Clark Subdivision Surfaces at Arbitrary Parameter Values. In Proceedings
of SIGGRAPH’98, pp 395-404.

Wang, H. and Qin, K., Estimating Subdivision Depth of Catmull-Clark Surfaces. Jour. Comput. Sci. & Technol,
Vol. 19, No. 5, 2004, pp 657-664.

Zorin, D., Schroder, P. and Sweldens, W., Interactive Multiresolution Mesh Editing. In Proceedings of
SIGGRAP97, pp 259-268.

Computer-Aided Design & Applications, Vol. 3, Nos. 1-4, 2006, pp 485-494



