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ABSTRACT 

 

Accurate estimation of cutting forces requires that the predictive model be properly calibrated.  

Calibration typically requires a time consuming process and an expensive force measurement device.  

In this paper, an energy based process is described for calibrating a force estimation model using 

motor spindle power.  Experimental results for flat and ball end mills are given.   The method has 

been shown to be accurate for estimating forces for a wide variety of cutting conditions.  

Furthermore, we show how the calibration process can be done either off-line with a quick and 

simple process, or on-line while cutting in a production process.  An additional benefit of the 

method is that the continuous calibration process can be used to help diagnose tool wear. 
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1. INTRODUCTION 

Cutting force models can play an important role in setting cutting conditions that are safe, efficient and produce parts 

of the desired quality. Unfortunately, the models are only as accurate as the model coefficients which are a function of 

the cutting tool and the workpiece material.  The coefficients are also a function of tool wear, which typically results in 

increased cutting forces as the tool wears. 

 

There has been significant research reported in modeling the mechanics of milling. A series of papers by Kline et al. [7, 

14] presented a mechanistic model which considers the tangential cutting force to be proportional to the chip load and 

the radial force to be proportional to the tangential force. The size effect is captured by the nonlinear empirical 

relationship between specific energy and uncut chip thickness. Altintas presented a linear edge effect model in which 

the tangential force is split into a cutting component and a parasitic component (also known as an edge, rubbing or 

plowing force) [1]. In this model, cutting forces are linearly proportional to both chip thickness and contact area. Both 

models have been shown to be reasonably accurate at force prediction when model coefficients are properly calibrated 

[8-13].  

 

A number of different methods have been used for model calibration. Budak et al. presented a unified mechanics of 

cutting approach in predicting the milling force coefficients for cylindrical helical end mills [4]. It is shown that the 

milling force coefficients for all force components and cutter geometries can be predicted from an orthogonal cutting 

database and the generic oblique cutting analysis for use in the predictive mechanistic milling models. Lee et al. further 

extended the approach to helical ball end mills [15]. The cutting force distribution on the helical ball-end mill flutes is 

accurately predicted by the proposed method. However, some cutting tools may have complex cutting edges, and the 

evaluation of cutting constants by orthogonal cutting tests may be time-consuming. 

 

The model coefficients can also be identified through empirical curve fit either to measured average milling forces or to 

instantaneous forces [14]. The least square fit method is widely used in force model calibration by trying to either fit 

the force profile of one specific cut [3, 23] or average force for a number of cuts [1, 16].  By investigating milling forces 

in the frequency domain, Zhang et al. provided an improved method to calibrate the cutting coefficients [24]. The 

validity of the method is confirmed based on a series of experiments and numerical simulations. 

 

All these calibration methods are based on instantaneous or average force measurement. Sensors used to measure 

cutting forces can be expensive and adversely affect machine stiffness. This prevents the force prediction techniques 
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from being used in industry.  In contrast, a power sensor is inexpensive and non-invasive. Power sensors have been 

widely used for tool condition monitoring in both academic research [20] and industrial applications [2]. In this paper, 

a power based calibration method based on the linear edge effect tangential force model is presented with the 

intention of quick and accurate model calibration as the tool wears. 

 

2. FORCE MODEL 

The energy based calibration method assumes that the model is linear with chip thickness and contains edge forces. 

The tangential force is split into a cutting component and a parasitic component. The instantaneous tangential force at 

a particular tool rotation angle φ is: 
uKuuhKuF TETCT Δ+Δ=Δ ),(),( φφ      (2.1) 

where uΔ  is the length along the periphery of the cutter, KTC is the tool/material cutting energy, N/mm2 in the 

tangential direction, and KTE is the tool/material edge force, N/mm in the tangential direction.  The model assumes a 

zero helix angle for a tooth for any discrete slice of the tool.  The normal force and the longitudinal component 

(perpendicular to tangential and normal direction) can be similarly expressed. 

uKuuhKuF NENCN Δ+Δ=Δ ),(),( φφ      (2.2) 

uKuuhKuF AEACA Δ+Δ=Δ ),(),( φφ      (2.3) 

where ΔFT and ΔFN directions are defined in Fig. 1. and ΔFA is generally in the negative Z direction. 

 
Fig. 1: The cutting tool is discretized into disc elements defined by equal increments along the periphery. 

 

Fig. 1 shows a general cutting tool. The xyz local coordinate system is defined relative to the cutting tool. The milling 

forces and cut geometry are defined relative to this system, which is local to the cutting tool and varies with the 

direction of motion, denoted by velocity vector df ˆ (velocity vector of magnitude f (mm/s) in the direction d̂ ).  The 

local x coordinate axis is normal to the axial direction z, with df ˆ  lying in the local x-z plane. Angle φ is the location of 
the cutting edge measured from the Y axis, for some arbitrary tool rotation angle θ.  β is the angle between the surface 

normal N(φ,u) and the horizontal X-Y plane. 
 

The chip thickness h(φ,u) at any location on the cutter is the scalar product of the velocity vector with the cutter surface 
normal N(φ,u), divided by the number of teeth (nt) times the spindle speed ω (rev/s) [5]. 
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The force on a differential tooth element has tangential, normal and longitudinal components.  The tangential force is 

located in the x-y plane of Fig. 1., while the normal component is in the opposite direction of the surface normal 

N(φ,u).   
 

The total cutting force can be determined for a given tool position angle θ by: 
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where ΔFT, ΔFN, and ΔFA, are calculated using Eqn. 2.1.-2.3., nu is the total number of elements, nt is the number of 

teeth, and β is the angle between the surface normal of the element u, and the x-y plane as shown in Fig. 1. The 

resultant force in the x-y plane Fxy is usually of greatest importance as it is used to calculate tool deflections and 

bending stresses. 

)()()( 22 θθθ yxxy FFF +=          (2.6) 

 

3. TANGENTIAL CUTTING COEFFICIENTS 

The energy required to remove an infinitesimal element of material is: 

 

dudurKduduruhKdE TETC φφφ )()(),( +=       (3.1) 

 

The cutter consists of one or more teeth, each of which can be divided into one or more segments which have similar 

values of KTC and KTE.  For example, the teeth on the end of a flat end cutter may have different geometry than the 

teeth on the side and therefore exhibit different cutting coefficients.  Different segments of the tool may also exhibit 

different values of the coefficients due to wear effects.   

 

The total energy required to remove material for the ith segment of the jth tooth during a single revolution of the cutter 

can be obtained through integration: 
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 where u is the distance traced along the profile of the cutter as illustrated in Fig. 1. 

 

Noting that the material removed Qij is equal to: 
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and the area of contact between the cutter and the workpiece is: 
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We can express the energy in terms of material removed and contact area: 

[ ] ijTETCij AKQKE +=         (3.5) 
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And the total energy for the entire cutter is: 

∑∑=
j i

ijtot EE       (3.6) 

Because the analysis is based on energy, the helix angle associated with the teeth can be ignored when performing the 

integrations in Eqn. (3.2) and a straight flute is assumed. 

 

In order to take the coefficients outside of the integral in Eqn. (3.2) it is assumed that they are not a function of chip 

thickness and models which assume a non-linear relationship between chip thickness and force may not be used in 

this manner [14].  The linear model used in this analysis compares well in force prediction with the more complex 

models that include chip thickness in the coefficients [13]. 

 

The average motor power needed to remove the material from the workpiece is related to the energy: 
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                 (3.7) 

where τ is the tool rotation period in seconds: 

ω
τ

60
=              (3.8) 

and ω is the spindle speed in revolutions per minute.  The volumetric removal rate and cutting area rate are: 

ττ
ij
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ij

ij

A
A

Q
Q == ��              (3.9) 

The power defined in Eqn. (3.7) can only come from two sources: spindle power and feed drive power.  Since the 

motor spindle power is generally 100-1000 times larger than feed drive power the contribution from the feed drive 

power can be ignored.    

 

4. MODEL CALIBRATION 

A power sensor is used to measure the electrical power Pe to the motor.  The available mechanical power Pm can be 

calculated by multiplying the electrical power times the motor efficiency 
e
η .  During machining, the mechanical power 

Pm includes two components: 1) Pf, the power to overcome the mechanical friction in the motor and drive system and 

2) Pc, the power actually used in cutting the part. 

cfeem PPPP +== η*         (4.1) 

When the spindle motor runs at a constant speed without cutting any material, the measured electrical power is the 

tare power Pt .  As Pc equals zero, we get: 

fet PP =η*                (4.2) 

If we assume that the frictional losses are constant for a given spindle speed and that the cutting power is defined by 

Eqn. (3.7) we get: 

AKQKPPPP TETCetcetm
�� **** ++=+= ηη           (4.3) 

where KTC and KTE are assumed uniform over the calibration cut.  The effect of coefficient variation is minimized by 

selecting appropriate cut geometry for calibration; a contact area where the tool geometry is constant, or over a 

number of contact areas to find average coefficients.  Average coefficients result in a robust model that is able to 

predict cutting power reasonably well for a large variety of contact areas, spindle speeds, and feedrates. 

 

In our previous research [11-13, 22], tare power Pt was measured and then subtracted from measured power Pe to 

perform model calibration and obtain coefficients KTC and KTE based on Eqn. (4.3). The tare power is a function of 

spindle speed and motor temperature [6] and it is therefore important that it be measured frequently, at the same 

spindle speed as used in cutting and not too long before the cutting takes place. This will require time and may not be 

feasible. Instead Pt* e
η  can be treated as an unknown. With a minimum of three experiments, the coefficients KTC, KTE 

and the quantity Pt* e
η  can be found using Eqn (4.3). In fact, it is usually advantageous to perform many more than 

the minimum and rely on a least squares fit.  In matrix form, 
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Where the G matrix is defined by cutting geometry, and Pm is the measured power for each cut, determined 

from
e e
P η∗ .  To be solvable, the G matrix of Eqn. (4.4) must not be singular and should not be ill-conditioned.  

Proper choice of experiments will prevent this unwanted result.  

 

The motor efficiency value 
e
η  can either be determined by system calibration with a dynamometer or be obtained 

from the motor manufacturer. Fig. 2 is a typical induction motor efficiency curve. To automate the model calibration 

process, a look-up table for all motor conditions can be formed based on the curve.  
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Fig. 2:  Motor efficiency curve. 

 

Power sensors typically do not have the frequency bandwidth necessary to measure instantaneous power at the tooth 

passing frequency.  Filters are used to remove high frequency noise, limiting bandwidth, but providing a fairly clean 

signal for the average power.  Results from our setup yield a resolution of 0.02 kw, when averaging 10 spindle 

revolutions of power data.    

 

The normal and longitudinal coefficients are also needed to estimate force. For a flat end cutter, only tangential and 

normal coefficients are necessary to estimate Fxy. The normal coefficients can vary depending on cutter geometry and 

workpiece material.  Some researchers have assumed a ratio of 0.3 between normal and tangential coefficients [19, 

21].  Using force data obtained from calibration cuts (Section 6.1.1), we found KNC = 0.395 KTC, and KNE = 0.566 KTE.  

In normal machine operation, force data would not be available to find these ratios.  A conservative approach would 

be to use the largest expected ratios, e.g. 0.7, to estimate the resultant force.  

 

5. GEOMETRIC ANALYSIS 

An extended Z-buffer method [5] is selected for use in the geometric model of the workpiece. The tool is modeled by 

slicing into discs perpendicular to the z axis.  The tool should not be sliced into equal thickness, but into equal Δu 
increments along the periphery as shown in Fig. 1. The entrance and exit angles for the teeth can be calculated from 

the radial depth of each disc [9]. A numerical summation can be used to find Q and A for a tool segment as shown in 

the pseudo-code in Tab. 1.  

 

Our research group has spent considerable effort on the geometric modeling of 3 and 5 axis machining [5, 9] and is 

pleased to see that this technology has progressed to the point of commercial application. Therefore, a toolkit from 

Predator [18] is used to find the entrance and exit angles at each value of u.  The Predator toolkit finds the contact 

between the tool and the workpiece for any given tool move, and keeps a history of the part shape.  Tool surfaces 

perpendicular to the z axis, such as the bottom of a flat end mill, need to be handled a little differently and are treated 

as a series of annular rings.  
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Tab. 1: Procedure for Model Calibration. 

 

 

6. EXPERIMENTAL RESULTS 

 

6.1 Power Model Verification 

A robust machining power estimation model must be able to maintain accuracy for a variety of cutting conditions. The 

calibrations have been performed on a wide variety of materials using a number of different cutting tools. Power is 

measured using a universal power sensor from Load Controls Inc. Force is measured with a Kistler 9257B table 

dynamometer. Power and force data are sampled at 3 degree intervals of tool rotation. 

 

6.1.1 Flat-end Mill Test 

A standard calibration test is developed that includes eight different cutting geometries (slot, upmill, downmill and 

center cut) with four different feeds, for a total of 32 different tests. A two flute, 25.4 mm (1.0 inch) flat end cutter, 

runout 0.0127 mm, rotating at 1337 rpm, is used to machine 6061-T6 aluminum at an axial depth of 3.81 mm. Tab. 

2 and 3 summarize the different conditions for flat end mill cutter. Tab. 2 entries are correlated with Fig. 3., e.g. the 

first entry is for slot cutting and the first four data points shown in the figure are for slot cutting at the four different 

feeds shown in Tab. 3. Surface speed and maximum feed per tooth are selected from recommended values from 

tables [17] to calculate spindle speed and feedrates. Feedrates are chosen to be 50%, 75%, 90% and 110% of 

recommended value to generate a good distribution of material removal rates. The force model coefficients obtained 

from the calibration cuts using power measurements and Eqn. (4.5) are: KTC = 693.8 N/mm2, KTE = 18.98 N/mm.  

The normal coefficients obtained from the measured forces are KNC = 0.395 KTC, and KNE = 0.566 KTE.  Figure 3 

shows excellent agreement between measured and estimated power (maximum error = 4%) and very good 

agreement between measured and estimated maximum results forces (maximum error = 16%). (Refer to [8] for 

description of calculation of resultant force including tool runout).  Fig. 4 shows a typical comparison between the 

measured and estimated resultant force profile as a function of rotation angle. 

 

 test  1 (slot) 2(up) 3 (up) 4 (up) 5 (center) 6 (down) 7 (down) 8 (down) 

φ st  0 (deg) 60 90 120 75 0 0 0 

η ex 180 (deg) 180 180 180 105 120 90 60 

Tab. 2: Entrance and exit angles (degrees) for different machining geometries. 

 

  f1 f2 f3 f4 

fpt (mm) 0.07112 0.10922 0.13208 0.16002 

  

Tab. 3: Feed per tooth (mm/tooth) for Aluminum 6061. 

 

Circular tool moves at different radii are also performed with a flat end mill cutter to validate the model. The same 

tangential model coefficients determined from the calibration cuts are used in estimating the power.  Specific 

conditions, measured power and calculated values forQ�  and A� are listed in Tab. 4. The value of Pm (Tab. 4) equals 

the electrical power Pe multiplied by the motor efficiency 
e
η  (Figure 2), and the estimated Pm is calculated from the 

right side of Eqn. (4.3). Fig. 5 shows the good agreement between the power estimation and the measured power. For 

Q = 0, A = 0 (initialize Q, A, volume and contact area) 

for u = 0 to nu step Δu 

  for φ = φst to φex  step Δφ 
Q = Q + h(u, φ) r(u)ΔφΔu     (Accumulate volume removed) 

A = A + r(u) ΔφΔu       (Accumulate surface area swept) 

 end ф 
end u 

ττ
A

A
Q

Q == ��   (divide total volume and swept area by time period) 
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upmill and downmill cuts with circular tool moves at same cutting conditions, the average power is not the same as it is 

for the linear tool move cases (G code = G1). For circular moves (G code = G2/G3) the actual feedrate varies from 

the inner to the outer side of the tool making the actual material removal rate different for upmill and downmill cuts. 

 

 
Fig. 3: Standard calibration results for flat end mill cutter. 

 
Fig. 4: Measured and estimated resultant forces for one revolution of a slot cut. 

 

6.1.2 Ball-end Mill Test 

Calibration tests for the ball portion of a ball end mill includes 28 different combinations of feedrate, axial depth and 

radial depth.  A two flute, 12.7 mm (0.5 in) ball end cutter, rotating at 2100rpm, is used to machine 6061-T6 

aluminum.  Specific conditions, measured power and calculated values for Q�   and A� are listed in Tab. 5.  Best fit 

values for KTC and KTE for the ball portion of the end mill are obtained via Eqn. (4.5).  Model accuracy as shown in Fig. 

6. indicates good results with a standard error of 14 watts and an average percent error of around 3%.  Note that a 

separate calibration is required, as reported in Fussell et al [9], to obtain the coefficients for the cylindrical portion of 

the cutter.  Equation 1 can now be used to calculate the tangential force for any cutting condition. 
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Tab. 4: Circular move test data. 

 
Fig. 5: Power estimation for circular moves using coefficients obtained from standard calibration test. 

 

 

6.1.3 Tool Wear Effect 

In our previous work, the ratio of worn tool power to sharp tool power proved to be useful to monitor tool wear [12, 

22]. The model coefficient KTC is related to the shearing component of the cutting force and KTE is related to the 

rubbing or ploughing component of the cutting force. If the cutting edge does not chip or break, the power increase 

can mostly be attributed to the growth of the wear land (VB). Therefore, the power ratio will vary with changes in 

cutting geometry. The model parameters may be a better indicator for tool wear, as changes in KTC will specifically 

show effects of cutting edge chipping or breaking and changes in KTE will show effects of wear land increases. 

 

Wear tests were performed on 1018 steel using a 12.7 mm HSS flat end mill (Weldon A16-3) at 763 rpm, with an 

average feed per tooth of 0.04826 mm (0.0019”) and an axial depth of 3.81 mm (0.15”). A sequence of cuts 

containing slot, upmill (3.99 mm to 11.43 mm radial depth changing linearly with 152.4 mm tool movement), 

downmill (3.99 mm to 11.43 mm radial depth change), and an upmill peripheral cut at 1.27 mm (0.05”) radial depth, 

were repeated until the tool wear land reached 0.38 mm (0.015”). Cutting power and tool wear land were measured 

and used to generate model constants versus cutting time. 
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Tab. 5: Data of ball end mill calibration test. 

 
Fig. 6: Calibration results for ball end mill cutter. 

 

Fig. 7 shows the tangential model parameters versus cutting time. Note the steady increase in KTE as cutting continues 

and the sharp increase in KTC near the end of tool life. KTE can help determine the flank wearland (VB) and expected 

life remaining, while KTC provides warning as the tooth edge starts to breakdown. Unlike commercial tool condition 

monitoring systems that use power threshold [2], monitoring model coefficients will simplify the process by eliminating 

the learning process used to establish the power threshold for every new part. 

 

7. CONCLUSIONS 

A power model based on a linear force model with edge effect is derived. The robustness of the model is verified 

through experiments with a wide variety of cutting conditions, results show good agreements between measured 

power and estimated power for both flat-end and ball-end cutting.  Good agreement between estimated and measured 



 

Computer-Aided Design & Applications, Vol. 4, Nos. 1-4, 2007, 341-351 

 

350 

peak forces were obtained for flat-end cutting (max error = 16%).  Force estimation for ball-end cutting was not as 

good (max error = 30%) and further research is required. The tangential cutting coefficients behave differently with 

tool wear. Experiments with a HSS flat end mill show that KTC increases with edge chipping and breakage, while KTE 

increases as the flank wearland expands. 

 

 
Fig. 7: Tangential cutting coefficients change with tool wear. 
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