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ABSTRACT

It is known that if the degree of the typical plane Bézier curve is increased infinitely,
the curve will converge to the logarithmic (equiangular) spiral. The logarithmic spiral
is one of log-aesthetic curves and they are formulated by : the slope of the
logarithmic curvature graph. In this paper we define the non-stationary typical Bézier
curve by making the transition matrix of the typical Bézier curve non-stationary and
dependent on each side of the control polyline and defining the transition matrix in
the Frenet frame. We propose a method that generates a curve such that if its degree is
increased infinitely it will converge to a log-aesthetic curve with arbitrary  and : the
slope of the logarithmic torsion graph in case of the space curve, by controlling the
relationship between the rotation angle and the scaling factor. Furthermore we extend
the non-stationarization for free-form surfaces and propose the non-stationary typical
surface with the unit scaling factor.
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1 INTRODUCTION

Yoshida et al. proved that the typical plane Class A Bézier curve [6] converges to a logarithmic
(equiangular) spiral when its degree is increased infinitely [12]. The logarithmic spiral is one of the
typical examples of the log-aesthetic curves and they are formulated by use of the slope of the log-
aesthetic curve . The relationship between the typical plane Class A Bézier curve and  has not been
cleared.

Hence in order to define a curve which converges to a log-aesthetic curve when its degree is
increased infinitely, we do not fix the rotation angle and the scaling factor of the transition matrix
used to define the typical Bézier curve and make it non-stationary. By making the transition matrix
depend on each side of the control polyline, we define the non-stationary typical Bézier curve. We will
propose a Bézier curve of degree n whose rotation angle is controlled with a fixed scaling factor, or
whose scaling factor is controlled with a fixed rotation angle and which converges to a log-aesthetic
curve with an arbitrary  value when its degree is increased infinitely. The control points of the
proposed Bézier curve of degree n are defined to converge to a log-aesthetic curve. If they are
considered to be those of a B-spline curve of degree m ( n ), the curve converged to the same log-

aesthetic curve when the number of its control points, i.e. that of its segments is increased infinitely.
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We will make clear the conditions for monotonicity of curvature of the B-spline curve, especially in
case of 3m .

The radius of torsion as well as that of curvature of the log-aesthetic space curve is given by linear
functions of the arc length and the logarithmic torsion graph is given by a straight line whose slope is
a contant [9]. In this paper, we will propose a space curve which has arbitrary  and as a non-
stationary typical Bézier curve generated by transition matrices defined in the Frenet (moving) frame.
Furthermore we will propose the non-stationary typical surface whose sides of its control mesh have a
constant length.

2 RELATED WORK

In this section, we will review the Class A Bézier curve and the log-aesthetic curve, especially for the
latter we will explain the general equations of aesthetic curve and their parametric representations.

2.1 Class A Bézier Curve

The Class A Bézier curve is a curve whose curvature and torsion are monotonic proposed by Farin [6].

Let
ib ( ni 0 ) be control points of a Bézier curve of degree n and

jjj bbb  1
( 10  nj ). We

assume that there is a transition matrix M such that
0bMb j

j  . If the matrix M satisfies the

following equation for  10,t and an arbitrary vector v such that 1v ,

  vtMvvt 1 (2.1)

the curve defined by the control points
ib is a Class A Bézier curve which curvature and torsion is monotonic.

Eqn. (2.1) means that for any v such that 1v the line segment defined by v and Mv does not intersect with

the unit sphere except for its end point. The matrix M satisfies the following two conditions.
1. The angle between v and Mv must be smaller than 90 degrees.

2. The matrix M must map an arbitrary point on the unit sphere to a point outside the sphere.
Farin showed that to satisfy Condition 1, the eigenvalues of the following two matrices should be non-
negative,

IMMIMM TT  ,2 (2.2)

where I is an identity matrix. To satisfy Condition 2, the singular values of M :
1 ,

2 (
21   ) are

equal to 1 or greater. To prove curvature monotonicity, Cao and Wang [4] gave the following conditions

for
1 and

2 of a symmetric matrix,

1212 1221   , (2.3)

Hence in order for a symmetric matrix M to produce a Class A Bézier curve, M in Eqn. (2.1) must

have non-negative eigenvalues and its singular values
1 and

2 must be equal to or greater than 1.

Furthermore it must satisfy Eqn. (2.3). These conditions on M are called the Class A conditions.
Farin gave the typical Class A matrix as an example of Class A matrices [6]. The Bézier curve

generated by the typical Class A matrix is identical to the typical curve proposed by Mineur et al. [10]
based on the research carried out by Higashi et al [7]. If the transition matrix M consists of a rotation

angle 2/ r
and a scaling factor s and the following enequality is satisfied,

f

r
s

1
cos (if 1fs ) or

fr scos (if 1fs ) (2.4)

the matrix M is Class A.

2.2 Log-aesthetic Curve

This section discusses several important properties of log-aesthetic curves. Note that an aesthetic
curve is a curve whose logarithmic curvature graph is given by a straight line.
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2.2.1 General Equations of Aesthetic Curves

For a given curve, we assume the arc length of the curve and the radius of curvature are denoted by s
and  , respectively. The horizontal axis of the logarithmic curvature graph measures log and the

vertical axis measures      ddsdds /loglog/log  . If the LCG is given by a straight line, there

exists a constant  such that the following equation is satisfied:

C
d

ds












 loglog (2.5)

where C is a constant. The above equation is called the fundamental equation of aesthetic curves [8].

Rewriting Eqn. (2.5), we obtain:

01

1
Ce

d

ds C 
 

(2.6)

Hence there is some constant
0c such that:

0
1 c

ds

d
 

 (2.7)

From the above equation, when 0 , the first general equation of aesthetic curves

10 csc  (2.8)

is obtained. If 0 , we obtain the second general equation of aesthetic curves aesthetic curves
scec 1

0 (2.9)

The curve which satisfies Eqn. (2.8) or Eqn. (2.9) is called the log-aesthetic curve.

2.2.2 Parametric Expressions log-aesthetic Curves

In this subsection, we will show parametric expressions of the log-aesthetic curves.
We assume that a curve  sC satisfies Eqn. (2.8). Then

   
1

10 cscs  (2.10)

As s is the arc length,   1dssdC / (refer to, for example, [5]) and there exists  s satisfying the

following two equations:

 sin,cos 
ds

dy

ds

dx (2.11)

Since  dsd // 1 ,

  
 1

10


 csc

ds

d (2.12)

If 1 ,

 
  2

0

1

10

1
c

c

csc


















(2.13)

If the start point of the curve is given by  0 0P C ,

 
 
  

 



dueePsC
c

cuc
isic 0

1

10

2 1

0
0






 (2.14)

For the second general equation of aesthetic curves expressed by Eqn. (2.9),

sce
cds

d
1

0

1 
 (2.15)

2

10

1
1

ce
cc

sc   (2.16)

Therefore the curve is given by
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02 (2.17)

3 APPROXIMATION OF LOG-AESTHETIC CURVE

The log-aesthetic curve is represented in an integral form as explained in the previous section and it is
necessary to perform numerical integration to calculate a point on the curve except for 1 and 2 . If

1 or 2 , its form can be integrated analytically. For aesthetic curve design, the method to specify

the start and end points and sometimes also tangent vectors there is usually adopted and to generate
a curve satisfying these conditions, it is necessary to search

0c and
1c in Eqn. (2.8) numerically.

Especially to make a specific point to be the end of the curve, it is necessary to calculate the end point
of the curve for given

0c and
1c repeatedly [1, 2, 11]. If we can approximate a log-aesthetic curve by a

Bézier curve or B-spline curve, we can omit numerical integration and accelerate parameter search.
Here we think about the approximation of a log-aesthetic plane curve by a Bézier curve. We assume
that the slope of the logarithmic curvature graph  is not equal to 0 or 1 and the start point of a log-

aesthetic curve in Eqn. (2.14) is at the origin and its tangent vector there is the same as the positive
direction of the x -axis. We distinguish similar figures and simplify Eqn. (2.14) as follows:

  



s

iau duesC
0

1





(3.1)

By the above simplification, if we use an adequate integration range, we can express an arbitrary log-
aesthetic curve with 10, .

As we mentioned in the previous section, the transition matrix M of a typical curve consists of a

rotation whose angle is
r and a scaling whose factor is fs . Note that if M is made dependent to each

side of the control polyline, i.e. be non-stationarized, the control points of an arbitrary Bézier curve

can be specified. To improve the controllability of the curve, we do not change both
r µ and fs at the

same time. We fix
r and connect two consecutive sides of the control polyline at a constant angle and

change fs , or we fix fs s as 1 and use sides with the same length and control angles between two

consecutive sides. In the following discussions, we propose these two methods to approximate the log-
aesthetic curve.

3.1 Scaling Factor 1fs 

We perform integration in Eqn. (2.18) discretely as follows:

    sesC
n

j

sjia 





1

0

1





(3.2)

where the total length of the curve is assumed to be sn . The origin is considered to be the first

control point and s is considered to be the distance between two control points, the above equation

specifies 1n control points sequentially each of which is apart from its previous control point by s .

The direction angle (angle to the positive direction of the x -axis) of the 1j -th side of the control

polyline is given by   

 1

sja and the difference of the direction angles
j between two tangent

vectors at   sj 1 and   sj  2 is given by

      








11

12


 sjasjaj
(3.3)
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Hence if s is kept constant, Eqn. (3.2) is similar to the representation of the Class A Bézier defined by

a rotation matrix
j

RM j  whose scaling factor and rotation angle are equal to 1 and
j ,

respectively.

The matrix
jM of the usual Cass A Bezier curve does not depend on j and is constant, but in this

formulation
jM does depend on j . Namely let the control points of a Bézier curve of degree n be

ib

( ni 0 ) and
jb be

jj bb 1
( 10  nj ). For given matrices

jM ( 20  nj , ), they satisfy

001 bMMb jj    . Hence we call this type of curve the non-stationary typical Bézier curve. Since the

end point of the curve coincides with the last control point, it is not necessary to carry out numerical

integration. The total rotation angle from the start point to the end point is given by    

 1

1


 sn ．

The positions of the control points are determined by Eqn. (3.2). If s can be assumed to be very small,

the ratio of the rotation angles is concisely expressed. If s is small enough, by taking the first term of

the Taylor expansion,
j is given by

   ssjaj 











1

1
1 (3.4)

Therefore the ratio of two consecutive rotation angles
jj    /1

is given by






1

1

2

1
















 

j

j

j

j (3.5)

The top of Fig.1 shows an example of the Bézier curve defined by the method discussed above.
The  value in Eqn. (3.2) to generate this curve is 50. . The curve is rendered as a green pipe and

each of its control points is rendered as a red sphere. The control points are connected with red pipes.
The bottom of Fig.1 shows curvature and logarithmic curvature graphs of the curves of degrees 99 ,

49 and 24 , i.e. the number of the control points of these curves are changed from 100 to 50 , to 25 .

The  value of these curves is specified to be 50. . When the number of the control points is 100 , its

LCG is given by almost a straight line and its slope is about 540. , which is close to the specfied value

50. . As the degree is decreased, although the monotonicity of their curvature is kept, their LCGs

deviate from a straight line.

Fig. 1: Left: approximate Bézier curve of log-aesthetic plane curve (degree 24, 50. ), Right:

Comparison of curvature and LCG of curves of different degrees.

In order to perform numerical integration of Eqn. (3.1) more precisely, the trapezoidal rule or
Simpson’s rule should be used. For example, if the trapezoidal rule is adopted, the control points
should be generated by halving the lengths of the first and last sides. However there are cases where
curvature monotonicity and linearity of the LCG are strongly broken. Although we restrict our
discussions within the case of the cubic B-spline curve, we will explain the relationship between the
length of the sides of the control polyline and curvature at the end points in subsection 3.4.
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3.2 Constant Rotation Angle

Although in Eq.(3.4) the displacement of the arc length s is kept constant, we fix the rotation angle

j and make it  which is independent from j . Then

   jj ssja 











1

1
1 (3.6)

Hence
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1

1

1

1
1


























a
js j

(3.7)

js is independent from j and the scaling factor is given by

1

1

1

1

2 


















 

j

j

s

s

j

j (3.8)

The curve becomes a non-stationary typical Bézier curve defined by
 RsM jj

with a constant

rotation angle  .

3.3 Approximation Examples

In this subsection, we apply our approximation method to the logarithmic spiral and the clothoid
curve.

3.3.1 Logarithmic Spiral

By use of a parameter t which determines the direction angle, the general equation of the logarithmic

spiral is given by

   tibaetC  (3.9)

By differentiating the above equation, we obtain

   tibaeiba
dt

tdC 
)( (3.10)

Here we keep the change of the rotation angle tb constant. The scaling factor, i.e. the ration of

the change of the arc length is   bajbja
jj eess // //  

  1
1

. It is bae / and constant. Hence the

matrix
jM does not depend on j and the obtained curve is a usual Class A Bézier curve defined by a

stationary matrix. This fact indicates the property shown by Yoshida et al. that when the degree n of a

Class A Bézier curve is increased, it converges to a log-aesthetic curve.

3.3.2 Clothoid Curve

Since  of the clothoid curve is equal to 1 , if the change of the arc length is constant,

  22 1 sjaj  (3.11)

If s is small enough, the ratio of the tow consecutive rotation angles is given by

2

1

1

1

2
















 

j

j

j

j




(3.12)

If the change of the angle is constant,
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1
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1

2

1
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a
js j

(3.13)

If
js is small enough, the scaling factor is given by



Computer-Aided Design & Applications, 7(3), 2010, 297-308
© 2010 CAD Solutions, LLC

303

2

1

1

2

1
















 

j

j

s

s

j

j (3.13)

3.4 Approximation by B-Spline Curve and Its Curvature Monotonicity

We have shown that when the degree n of the Bézier curve is increased infinitely, its control points

converges to points on a log-aesthetic curve. The same control points can be used to define a B-spline
curve of degree nm  and the same discussion leads to that the B-spline converges to the same log-

aesthetic curve.

We define a cubic uniform B-spline curve by the control points in this subsection. Especially we
will discuss the conditions that guarantee curvature monotonicity when the distance of two
consecutive control points is kept constant. As shown in the left of Fig. 2, let four consecutive control
points which define a segment of the B-spline curve  tCs

( 10  t ) be
iP ,

1iP ,
2iP and

3iP . As

curvature monotonicity does not change by scaling, the distance between two control points is
normalized to 1 and the positions of the four control points are specified by two angles

0 and
1 . We

investigate that for a given
0 ( 0 ), which value of

1 will guarantee curvature monotonicity. Because

of the symmetry of the locations of the control points, it is enough to check monotonicity for
01   .

Let  be the curvature of the curve segment determined by these four control points. Its derivative

dtd / is always negative for any  10,t as shown in Appendix if the following condition is satisfied:

0
2

3
2

11
0 











 sinsin (3.14)

Hence this condition guarantees curvature monotonicity. If the left-hand side of the above equation is
assumed to be equal to 0 , for any

0 , we can solve it as follows:




















0

0
1

610

3
2






cos

cos
arccos (3.15)

This
1 is the maximum value to guarantee curvature monotonicity.

Fig. 2: The location of the control points specified by two angles
0 and

1 .

The important B-spline curve in practice is a curve called the endpoint-interpolating B-spline curve
whose start and end points coincide with the first and last control points, respectively. It is generated
with a knot vector whose first and end knots are multiple. For a cubic curve, the multiplicity is set to
be four. As shown in the right of Fig. 2, the length between the first control point

0P and the second

control point
1P is set to be 30 /cos and the length between

1P and
2P is 32 / . In the figure,

2R is

located at the point where
0P is translated by 31 / to the left and

1R is located at a position such that

the angle between
22RP and

12RR is twice large of
0 .

0R is on
12RR and the length of

02RR is set to be

1 . The first segment of the endpoint-interpolating B-spline curve is identical to the segment of a
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uniform cubic B-spline curve whose control points are given by
0R ,

2R ,
2P and

3P . Similarly the

second segment is identical to the segment of a uniform cubic B-spline curve whose control points are
given by

2R ,
2P ,

3P and
3Q . The third segment is not affected by knot multiplicity and it is a segment

of a uniform cubic B-spline curve. Therefore the condition expressed by Eq.(3.14) can be directly
applied to each segment if we use adequate control points to evaluate the condition. If we guarantee
the curvature monotonicity of each segment, we can guarantee curvature monotonicity of the whole
curve.

The approximation method of the log-aesthetic plane curve by the non-stationarily typical curve
proposed in this paper does not guarantee curvature monotonicity. However we can use Eq.(3.14) to
check curvature monotonicity of the whole curve including the endpoint-interpolating B-spline curve
and that is very useful in practice.

4 APPROXIMATION OF LOG-AESTHETIC SPACE CURVE

In this section, we will propose a method to approximate the log-aesthetic space curve by the non-
stationary typical Bézier curve. The space curve has a torsion which is not equal to 0 and it is

necessary to control torsion as well as curvature. Even if a local coordinate system such as the Frenet
frame is adopted instead of a global coordinate system, it is not possible to control curvature and
torsion independently by changing only the scaling factor with a fixed rotation axis and a fixed
rotation angle of the transition matrix since it can adjust the strength of the “bending” of the curve in
one direction. Therefore we fix the scaling factor to be 1 and think about adjustments of the rotation
axis and the rotation angle. Although the usual Class A Bézier curve is defined in a global coordinate
system, our method proposed here uses the Frenet frame, one of local frames. The proposed curve is
different from the Class A Bézier curve to two points; one is that the curve is non-stationary typical
and the other is to be defined in a local coordinate system.
For a space curve, the slope of the logarithmic curvature graph  is assumed to be not equal to 0 and

also the slope of the logarithmic torsion graph 0 to make our discussion simple. It is possible to

treat 0 ® = 0 and/or 0 cases similarly. Then the general equation of the log-aesthetic space

curve is given by

dcs  (4.1)

hgs  (4.2)

similarly to the plane curve where  is the radius of curvature,  is the radius of torsion and s is the

arc length.  ,  , c , d , g and h are constants and if these values are changed, the shape of the curve

will be modified.
For a space curve  sC given as a function of the arc length s , let t , n and b be unit tangent, unit

normal and unit binormal vectors, respectively. The relationships among these vectors are expressed
by the following Frenet-Serret formula:

 
 
 

 
   

 

 
 
 

















































sb

sn

st

s

ss

s

sb

sn

st

00

0

00







'

'

'
(4.3)

where  is the curvature and  is the torsion. Since knt ' ,  caused by the variation of the arc length

s represents a rotation ratio of t about b . Similarly since nb ' ,  represents a rotation ratio of n
(or b ) about t . Hence the transition matrix is determined by defining a rotation locally by use of the

Frenet frame. Similar to that for a plane curve, the amount of the rotation angle (direction angle)  of

the tangent vector is given by Eqn. (2.13), the amount of the rotation angle
 of t in the tn plane and

the amount of the rotation angle
 of n (or b ) in the nb plane are assumed to be given by
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(4.4)
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(4.5)

where
 and

 are rotation angles about b and t , respectively. Hence if t , n and b are considered

to be the x -， y - and z -axes, respectively, by using
 and

 caused by the variation s of s the

unit tangent vector t is rotated by the following rotation matrices defined in the Frenet frame:

 






















100

0
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R (4.6)
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0

0

001

R (4.7)

To determine the position of the next control point, the transition matrix should be defined as the
combination of these two rotation matrices. These matrices are supposed to be applied alternately for
small amounts

 and
 and it is desirable for the resulting rotation not to be dependent on the

order of these rotations. Therefore we use the linear combination of transformations proposed by
Alexa [3]. Then the product BA of matrices A and B is defined as follows:

n

nn

n
BABA 

















11

lim (4.8)

The left of Fig. 3 shows examples of Bézier curves generated by the method explained so far. The

 and  values of this curve is 51. and 21. , respectively. The curve is rendered as a pipe and its

control points are rendered as spheres. To make clear that it is a space curve, the x -， y - and z -axes

are drawn as straight lines. The top-right of Fig. 3 shows the curvature and the torsion of curves of
degrees 99 , 49 and 24 and the bottom right of the same figure shows their logarithmic curvature and

torsion graphs. When the degree is 99 , both the LCG and LTG are given by almost straight lines and

their slopes are 461. and 141. , respectively and they are almost equal to the specified values. The

monotonicity of curvature and torsion is kept even if the degree is decreased, but the two logarithmic
graphs deviate from straight lines. Especially the third control point does not contribute to torsion
because the first three control points determine the osculating plane at the start point. That causes a
deviation of the LTG from a straight line. One of our future works is to find a method to keep the
linearity of the LTG for a curve of low degree.

Fig. 3: Examples of approximation of a log-aesthetic space curve by Bezier curves of degree 24, 51. ,

21. .
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5 NON-STATIONARY TYPICAL SURFACE

We extend our methods for the curve to the surface. From the discussions on the space curve in the
previous section, the control of the rotation axis and angle with the unit scaling factor is more useful
than that of the scaling factor with the fixed rotation axis and angle. Hence for a surface, the distance
between two control points in the same parameter direction is fixed and the position of the next
control points is determined by a rotation about the diagonal line of each control polygon as shown in
the top-left of Fig. 4. In the figure the lengths of two vectors

jiji PP ,, 1
; and

111  jiji PP ,,
are kept to be the

same and those of
1jiji PP ,,

and
111  jiji PP ,,

are the same. If the positions of
jiP ,
,

jiP ,1
, and

1jiP ,
are

already fixed, the degree of freedom of the position of
11  jiP ,

is only the rotation about the diagonal

line and
11  jiP ,

is rotated and move to
11  jiR ,
. There is a possibility to generate surfaces of high

quality by controlling the rotation angle. Since the definition of the surface is similar to the non-
stationary typical curve, we call this type of the surface the non-stationary typical surface.

The top-right of Fig. 4 shows an example of the non-stationary typical surface and its Gaussian
and mean curvatures are shown in the bottom left and bottom-right of Fig. 4, respectively. To generate
this surface, the distances between two control points in the directions of two parameters u and v are
fixed to be constant and the same. The control points

0,iP corresponding to the iso-parametric curve

of 0v are generated to approximate a log-aesthetic curve with 50. and similarly the control

points
jP ,0

corresponding to the iso-parametric curve of 0u are generated to approximate a log-

aesthetic curve with 60. . Furthermore each control polygon is rotated about its diagonal line by
010. . The number of the control points is 2525 and by these control points a Bézier patch of bi- 25

degree is generated. The surface shown in the section is generated by controlling the rotation angle
simply and how to control it and how to generate a surface for given boundary curves should be
researched in future.

Fig. 4: From left to right, determination of positions of the control points by rotation about the
diagonal line of the control polygon, an example of non-stationary typical surface and its Gaussian and
mean curvature.

6 CONCLUSIONS AND FUTURE WORK

In this paper we have clarified the relationship between the Class A Bézier curve and the slope of the
logarithmic curvature graph  which was unclear and proposed methods to approximate the log-

aesthetic curves including the space curve by the Bézier and B-spline curves. The transition matrix
made as a combination of rotation and scaling is identical for a plane curve defined in either a global
coordinate system or a local coordinate system such as the Frenet frame. The typical Bézier curve is
included in the class A Bézier curve and the transition matrices of the Class A Bézier curve as well as
the typical curve are defined in a global coordinate system. They can be considered to be defined in a
local coordinate system. However for a space curve, global and local should be clearly distinguished
and we have shown that to use the Frenet frame, one of local coordinate systems is effective to define
a curve whose both LCG and LTG are given by almost straight lines. For the surface we have shown
only a basic framework and future work on the surface is inevitable.
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APPENDIX

Curvature Monotonicity of Unifrom Cubic B-Spline Curve

The four control points
0Q ,

1Q ,
2Q , and

3Q of a cubic Bézier curve  tC determined by the four control

points
jiP
( 30 ,,j ) of the B-spline curve in Fig.2 are given by
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In order to simplify resulting expressions, the length of
21QQ is scaled to be 1. Note that curvature

monotonicity is not affected by this scaling.
It is sufficient to examine the sign of the derivative of the curvature to detect curvature

monotonicity of the curve. Let  tg be square of the norm of the first derivative vector of the cubic

Bézier curve and  tf be the cross product of this vector and the second derivative vector. Then the

curvature of the curve·  t is given by

   

 2

3

tg

tf
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So the derivative   dttd / is given by
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It is sufficient to examine the sign of the numerator of the above equation  th to detect curvature

monotonicity. Since  tf is quadratic because of the relationship between the first and second

derivatives and  tg is of degree 4,  th is of degree 5. When  th is expressed by a Bézier polynomial,

we denote its coefficients as
iC ( 50 ,,i ). Especially

5C is given by
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As a matter of fact, Eqn. (3.14) is the condition for
5C to be negative. The left of Fig. 5 shows a

graph of the left side of Eq.(3.14) for 20 10 /,   . This graph is made by rendering the region

whose value is positive and plotting flat the region where curvature monotonicity is not guaranteed.
The right of Fig.5 renders the region whose value is negative and plotting the other region flat on the
contrary to the left graph. Furthermore it renders the negative region of

4C and plots flat the other

region. This figure indicates that the two flat regions do not intersect each other and
4C is negative in

the region where the value of the left-hand side of Eq.(3.14) is positive. Since similar graphs are plotted
for

iC ( 30 ,,i ), if 05C ,
iC ( 40 ,,i ). Therefore 05C is a necessary and sufficient condition

for  tf to be always negative.

Fig. 4: Comparison of the left-hand side of Eqn. (3.14) and
4C


