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Abstract. In most CAD systems, multi-sided regions are typically represented as trimmed
surfaces, or are split into several quadrilateral sub-patches. Both of these approaches have
their drawbacks; an alternative is to use non-standard patch formulations, such as transfinite
interpolation surfaces or generalized Bézier patches, but these also have their limitations.

We propose a new hybrid scheme that combines the advantages of ribbon- and control-
point-based surfaces: it can handle positional and cross-derivative boundary constraints of
any degree, while providing fine-grained control of the interior, as well.
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1 INTRODUCTION

The geometric modeling of many objects, ranging from simple household items to complex aesthetic designs,
involves non-quadrilateral free-form surfaces. In CAD systems these are generally represented by one of the
following methods (see also Fig. 1):

e Trimming takes a larger four-sided patch and trims it at the specified boundaries. The connection
to adjacent surfaces will generally be inaccurate (even positionally), and inherent symmetries of the
multi-sided surface may not be reproduced.

e Splitting divides the n-sided area into subpatches. The actual choice of subdivision affects surface
quality, and maintaining G* or G? continuity along the subdividing curves as the patch is modified can
be difficult.

In contrast, there are non-standard representations allowing an arbitrary number of sides without the
drawbacks mentioned above. These are often called transfinite interpolation surfaces, as they reproduce the
boundaries exactly, and can also ensure smooth connections to adjacent patches with G or higher continuity.

Some of these can be regarded as multi-sided generalizations of the Coons patch, in the sense that the
surface depends only on the positional and cross-derivative constraints at the boundaries. This is usually
achieved by blending together ribbon surfaces interpolating some of the boundaries, so we will call these
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Figure 1: Representing a 6-sided surface with trimming (left) and splitting (right).

ribbon-based surfaces. Their strong point is also their weakness: since the geometry depends only on the
boundaries, there is little control over the surface interior.

There are also control-point—based representations. These have fine-grained interior control, but are
generally limited to (rational) polynomial boundaries.

The aim of this paper is to propose a genuinely multi-sided surface representation that (i) can handle
any kind of boundary curves, (ii) allows connection to adjacent patches with G or higher continuity, and
(iii) has good control over the interior. The preliminaries and related works are described in Section 2; our
main contribution is then outlined in Section 3, followed by a discussion illustrated with examples in Section 4.

2 PREVIOUS WORK

In Section 2.1 we introduce the notations, and review some of the more influential ribbon- and control-point—
based formulations. A brief analysis of these and a few other relevant methods found in the literature is
presented in Section 2.2.

2.1 Preliminaries

Almost all multi-sided surface formulations are defined over a 2D domain (exceptions include [15]). Its shape
can be varied, but often it is a regular n-sided polygon. Points inside the domain are then mapped to some
sort of local coordinates depending on the actual patch equation. Here we show a set of coordinates that can
be described by generalized barycentric coordinates [2] and fits all schemes reviewed in this section.

Given a point in the domain and its generalized barycentric coordinates {)\;}, we define

s

Si()\l,...,)\n) = m,
11— 3

di(Ms ) =1 — (At + \) (1)

with cyclic indexing. The side parameter s; runs from 0 to 1 as we follow the i*" edge of the domain

(connecting the (i — 1)t and *" vertices), giving 0 and 1 on the (i —1)* and (i +1)* edges, respectively. The
distance parameter d; vanishes at the i*" edge and increases monotonically, reaching 1 at the non-adjacent
sides. Figure 2 shows constant parameter lines of Tko (k =0,1,2...10). Note that s;, d; € [0,1] and for a
point on the i*" side d;_; = s; = d;1. (We chose Wachspress coordinates here, as these are the simplest
and they work well on convex polygons.)

2.1.1 Ribbon-Based Surfaces

A ribbon R; is a quadrilateral surface interpolating the i*" boundary curve, and also satisfying the associated

cross-derivative constraints. We can blend different ribbons together using a variation [3] of Shepard's inverse
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Figure 2: Parameterization of a 5-sided domain, showing contours of Wachspress coordinates \; associated
with the bottom-right corner (left) and the (s;, d;) system associated with the bottom side (right).

distance weights (L;):

n

1/d;

> T
Here (u,v) is a point in the 2D domain, s; is a shorthand for s;(A1(u,v),..., A\n(u,v)) and similarly for d;.

This equation cannot be evaluated at the boundaries in this form, but this can be solved by multiplying both
the numerator and denominator of L; by [[,_, d2. It is easy to see that the following properties hold for a
point on the i*" boundary:

Li =1, Lj=0 (5 #4), k=0 (k) (3)

where the derivative is taken in an arbitrary parametric direction. A singularity remains, as the above equations
specify both 0 and 1 for a corner point, but the limit of the sum exists. Increasing the exponents in L; allows
for connecting to adjacent surfaces with G2 or higher continuity. Figure 3 shows a schematic depiction of this
approach.

Figure 3: Inverse distance weighted patch. Left: blending scheme (1 at one side and 0 on all others); Right:
two linear ribbon surfaces.

The Charrot—Gregory patch [1] uses corner interpolants R;_; ; instead of ribbons. These interpolate two
consecutive boundaries, and can be regarded as partial Coons patches created from two ribbons and a corner
correction surface [10]. The blending function is very similar to the previous one, see also Fig. 4.

1/(d7_,d})
S (8 E)
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Figure 4: Charrot-Gregory patch. Left: blending scheme (1 at one corner, gradually vanishing on the adjacent
boundaries); Right: creating a corner interpolant from ribbon surfaces (R;—1; = Ri—1 + R; — Q;_14)-

2.1.2 Control-Point—Based Surfaces

The S-patch [4] is a generalization of the Bézier triangle, see Fig. 5. For a point in the domain with (generalized)
barycentric coordinates \;, it is defined as

p! n .
S()\l,,)\n):ZPJWH)\;}I, (5)
J =170 =

where P are the control points, J is an index vector with |[J| = n, and ) . J; = p is the degree or depth of
the patch. (When n = 2 we get a Bézier curve with parameter u = Ay =1 — A1.)
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Figure 5: S-patch control net with n = 3 (left) and n = 5 (right).

A recent control-point-based surface representation is the Generalized Bézier or GB patch [12], which uses
weighted Bernstein polynomials to satisfy the boundary constraints. Figure 6 shows its control structure and
the weighting scheme. The black frames show which control points belong to the bottom and right-hand
sides; some belong to both, and these are multiplied by both of the associated blending functions.
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Figure 6: Control net of the Generalized Bézier patch.

The patch is defined as

n o 5]
S(u,0) =Y Y > Pijn-pijuldy,. .. dn)BE(s)BL(d;) + Po(1 — Bs(u,v)), (6)

i=1j=0 k=0

where p is the degree, P; ; 1 is the j'" control point in the k' row associated with the i*" side, and BY is the
ith Bernstein polynomial of degree p. The 1 ;1 functions denote the weights shown in Fig. 6 with

zﬁ
a7 +d7

(7)

o = — , .
The blends in the first term of Eq. (6) do not sum to 1; the second term associates the ‘weight deficiency’
with the central control point (Py), i.e.,

nop %

2]
Bs(u,v) => > > pijn(di,. .. dn)BE(s)BL(d;). (8)

i=1j=0 k=0

This patch behaves at its boundaries (in a G' sense) as a quadrilateral Bézier surface created with the
associated control points. Increasing the exponents in Eq. (7) allows for higher order interpolation.

2.2 Related Works

All representations reviewed above have been enhanced in various ways over the years in an effort to realize
the goals outlined in the Introduction.

As indicated previously, ribbon-based surfaces handle boundary constraints well, but we have little command
over the overall shape. In light of this, Kato's patch [3] was supplemented with interior control [13] both by
adding auxiliary curves and vertices as additional ribbon constraints, and by blending with another surface
defining the central part of the patch. Also related is the recent ABC patch [5], which aims at improving
trimmed B-spline surfaces with accurate boundary control, while preserving CAD-compatibility. While these
are somewhat similar to our current approach, they lack a genuinely multi-sided way of editing the interior.

The Charrot—Gregory patch [1] was extended by a single extra degree of freedom [8], which can be used
to set the fullness of the surface. Although this is sufficient in the majority of cases, sometimes more detailed
control is required.

Computer-Aided Design & Applications, 21(1), 2024, 143-154
© 2024 CAD Solutions, LLC, http://www.cad- journal.net


http://www.cad-journal.net

148

Shape adjustment with control-point—based representations is generally very flexible, but the admissible
boundary constraints are limited. In the case of the S-patch [4], a good initial surface can be created based
on G cross-derivative constraints [7], but the boundaries are assumed to be polynomial.

The Generalized Bézier patch [12] has the same limitation; an extension to B-spline boundaries has also
been published [11], but for the price of abandoning its uniform control structure, and thus, in a sense,
transforming it into a ribbon-based representation.

Here we have focused on the drawbacks of other formulations—these are what our proposed surface is
designed to solve; see also Section 4.1 for some of its limitations.

3 HYBRID PATCH

We have seen that Kato’s patch is a nice and simple ribbon-based transfinite interpolation surface, but lacks
interior control. On the other hand, the Generalized Bézier patch has a very natural control structure allowing
modification of the interior, but its boundary constraints are limited to Bézier curves. It is a natural idea to
combine these two representations in a way that retains the favorable features of both.

The proposed surface formulation takes Eq. (6) and replaces the outer two control rows with linear ribbons
multiplied by the weight sum of the two rows, which is a singular blending function (L}) similar to L; in

Eq. (2):

n | » 72
S(u,v) = Z Z Z Pk Mz‘,j,k(dh ceey dn)B;)(Sl)Bz(dl)—‘qu(%. di)Lf(u, v)| + P()(l — Bz(u,v)),

i=1 | j=0 k=2
(9)

with
P 1
Li(u,v) = Z Zﬂi,j,k(dla -+ dn) B} (s:) By (d;). (10)
=0 k=0

The main difference between L; and L} is that the latter does not sum to 1 in the interior of the domain,
which leaves weight for the control points—the same weight they would have in a GB patch.
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Figure 7: Construction of the hybrid patch. Left: blending scheme; Middle: GB patch; Right: hybrid patch.

Replacing three control rows and increasing the exponent to 3 in Eq. (7) can interpolate the ribbons in a
G? sense. In this case we need curved ribbons, which can be inherited from adjacent surfaces, or generated
from a curve network [9].

The new patch representation is an improvement over the one in Eq. (2), as it adds interior control, and does
not exhibit the large curvature variations that often appear near the boundaries with the steeply falling inverse
distance weights. It is also more general than the GB patch, since it is not limited to polynomial boundaries;
in fact, it can handle procedural boundary constraints, as well, e.g. ribbons defined by rotation-minimizing
frames [14] (see Fig. 9 below), or special boundaries like catenary curves, Euler spirals, etc.
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In Figure 8, a 5-sided patch with B-spline boundaries is modified by moving its control points (the ribbons
remain unchanged), resulting in a much more natural isophote line distribution.

Figure 8: Modification of a hybrid patch, showing isophote lines.

Figure 9 shows a five- and a six-sided hybrid patch. At the shared boundary a rotation-minimizing frame
defines the normal fence both surfaces are perpendicular to.

4 DISCUSSION

In this section we discuss some limitations and practical issues, such as the default positioning of control
points.

4.1 Limitations

A limitation common with all other surfaces discussed above (with the exception of the ABC patch [5]) is
that this is a non-standard representation that can be exported in a CAD-compatible format only by fitting
on sampled points. Normal vectors and curvatures are hard to compute exactly, and usually mesh-based
approximations are used instead.

Also, the patch formula makes use of Bernstein polynomials of a relatively high degree (p = 2(k+¢) + 1
or p = 2(k + £+ 1) when using G* cross-derivative constraints with ¢ inner control layers). For example, in
Fig. 7 we have kK = 1 and £ = 2, and even this simple configuration results in degree 7. In our experience
this has no negative implications, and note that one would use the same degree even with GB patches [12]
(although not with S-patches [4]) for the same detail.

==

"N

Figure 9: Two patches connected with G continuity; mean curvature with common normal fence (left) and
contouring (right). Full red/blue colors are set to £0.015; the bounding box diagonal is 350 units long.
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Degree elevation can be used for increasing control in the interior (using the same algorithm as in [12]),
but as with GB patches, this changes the patch slightly. Since designers would only add more control when
they do want to change the shape, this limitation is mainly theoretical.

Finally, unlike GBS patches [11], this representation cannot handle hole loops or highly concave boundaries.

4.2 Practical Considerations

The patch defined in Section 3 has additional control points in the interior, but where should we place these by
default? A natural idea is to find positions such that the resulting patch deviates minimally from the original
surface. But since these control points are to be used for design, it is important to have a ‘nice’ control net
without large undulations that often result from simple minimization schemes. Control structure fairness could
be optimized by adding some energy to the system, but in practice the following simple heuristic works well:

1. Approximate each ribbon with a Bézier surface of the chosen degree (p by k)

2. Build the inner structure as in [12] (summarized in Appendix A for completeness) — generate a base
patch of degree 2k + 1 interpolating the derivatives at the corners, and then iteratively raise the degree
and add displacements

Figure 10 shows an example, where cubic B-spline ribbons are approximated with two rows of octic-by-
linear Bézier surfaces (k = 1, £ = 2), then the control net is built by degree elevation, starting from a cubic
base patch. Replacing the outer rows by the original ribbons gives the default hybrid patch.

(a) Input B-spline ribbons

=

L‘“‘\.. — 9
*-\_MJ’ |
VT
I .o/- IIII
N

- N =

- % L > ; " "/- =
Q\\_____B- \\___}L - _\\__\_'A -
(d) Degree elevation to quartic (e) Degree elevation to quintic (f) Degree elevation to sextic
g - o =\
, i = .L .-"
(1% s o A= = ( S
| = Q - = o 3
A 2 . C
T L e
L i = - “
X * I'.——-' R L
) e @
(g) Degree elevation to septic (h) Degree elevation to octic (i) Final hybrid patch

Figure 10: Generating default control point positions.
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Figure 11 illustrates how these control points can be used to modify the surface interior. We can add
or remove features by manual adjustment; alternatively, the additional degrees of freedom can be used to
optimize an energy or fit data points.

Figure 11: Adding different features by modifying the control net.

Figure 12 shows a larger model of 34 patches, with most of the surfaces having one inner layer (¢ = 1).
The default positioning is not always perfect, some control points need adjustment to attain better quality.
Long patches with large curvature, like the front fender in Fig. 12a, are notoriously difficult to represent with
transfinite schemes, since the middle of the patch tends to be too flat or even ‘concave’. This artefact is
easy to fix with the help of control points (Fig. 12b). The distribution of isophote lines on the hood can also
be improved upon (Fig. 12¢): the left surface shows the original, while the one on the right is after some
adjustment.

Evaluation complexity is comparable to those of its predecessors, Kato's patch and the Generalized Bézier
patch, but slightly higher—this is the price to pay for additional freedom (in interior control and boundary
representation, respectively). The actual speed ratio depends on many factors, including the number of interior
control points, the number of sides, and the type of boundary constraints. In a typical case, generating a
dense triangle mesh of around ten thousand vertices is computed well below 1 second on an Intel Core i5 CPU
(without parallelization).

5 CONCLUSIONS

We have proposed a new multi-sided surface formulation that combines the advantages of ribbon- and control-
point—based patches. It can handle positional and cross-derivative boundary constraints of any degree, while
also providing intuitive control over the surface interior.

Future work will concentrate on generating natural control structures for surfaces with highly concave
boundaries, or for patches with internal holes, probably building on results concerning quadmesh generation.
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(c) Improving isolines on the right half of the hood

Figure 12: A complex model (based on the data in [6]).

A DEFAULT CONTROL POSITIONS

Here we summarize the algorithm [12] of generating default control point locations for GB patches. For more
details, see Section 5 of the original paper. We will assume G constraints for simplicity's sake; higher orders
work similarly.

The input consists of the outer control rows defining the boundary constraints, i.e., P; ;, where 1 <i <n,
0<j<p and 0 <k <1 (cf. Eq. 6). The method relies on a formal degree reduction and degree elevation
process (detailed below). We will use upper indices to denote the degree associated with a set of control

points, so our input is P(p)k = P, ; 1. Performing a series of degree reductions, saving all intervening states,

we arrive at P( ;v the least degree allowing G constraints (also called the base patch).

In the second phase, we iteratively raise the degree back to the original value of p, thereby generating the
interior control points. After each step, however, control points in the outer rows (i.e., those that have been
already computed once in the course of degree reduction) are returned to their previous values. This restores
the original control points where they were available, but in the same time it also constructs a uniform control
network that fits the constraints naturally.

For an even better default it is often practical to fix the central control point throughout the above process
to a certain user-defined position, as this ensures the required fullness of the patch.
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Degree Reduction

We generate the ‘reduced’ positions applying an inverse degree elevation, starting from the outside, and
moving gradually inwards. The corner control points remain in place; as for those control points that are in
the outermost row we have

(+1) (p)
Pp ’YJP,pglo

pP) = —hil , 1<j<m, (11)
,J,0 1— v
P(_P_Jrl) —(1— P( P)
L 0= %)Pis0 p—m+1<j<p, (12)
-1, %

where m = |p/2] and v; = #1. In the odd-to-even case, averaging is needed at ng;)w. The remaining

control positions are generated similarly using the following equations:

+1
p® _ ng,k) - 7j7kP§Z>—1,k—1 —(1- Vj)Vsz(',z;),k—l v (1 — Vk)PE J) 1,k (13)
bk (1 =)~ ) ’
1
pw Pz(‘i‘tl),k %P} j) 1e1— (- %’)%ng)k — (=) (1 —)P Z(Z;)k (14)
i,5—1k = .

¥ (1 = vk)

Degree Elevation
Degree elevation is locally the same operation as in the case of quadrilateral Bézier patches. Corner control
points are once again retained. For control points in the outermost row we have

1 )
ngfo) = %P(g) 10t (1- %)ng),o’l <J=p (15)

The remaining control points are computed by
+1
PH =Pl (L= )P+ (L= PB4 (=) (1= )PP (16)

Note that for even-degree networks, references to P(p) . denote the central control point.
In all odd-degree networks, the central control point PO (when not fixed) is set to the mass center of the
innermost ring:
1 n
P =~ 2; Pimm- (17)
1=

Odd-to-even—degree elevations keep the central control point position.
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