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Abstract. Structural shape and topology optimization plays a crucial role in the optimal
design of shell structures, which are widely used in engineering �elds. Isogeometric analysis
provides a friendly alternative for the integrated design and analysis of shell structures. This
paper developed an isogeometric shape and topology optimization framework for the optimal
design of shell structures by using analysis-suitable unstructured T-splines. The Kirchho�-
Love shell theory is employed for structural analysis. The adjoint-based analytical sensitivity
analysis is implemented for shape optimization and a smooth density distribution strategy is
used for topology optimization. A multi-level scheme is established with a coarse mesh for the
design model and a dense mesh for the analysis model. The proposed method is demonstrated
by two shape optimization examples and one topology optimization example.

Keywords: shape and topology optimization, isogeometric analysis, Kirchho�-Love shell,
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1 INTRODUCTION

Shell structures have been extensively used in engineering �elds, such as aerospace, shipbuilding, automobile,
and construction, due to their attractive properties like lightweight, structural stability, and spacial force
transmission. Generally, shell structures are de�ned by small thicknesses and are typically curved along in-
plane directions. The design of shell structures is a non-trivial task. An excellent design can increase sti�ness
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and strength, and reduce material simultaneously. In the past decades, the optimal design of shell structures
using numerical tools has been widely investigated and has obtained abundant achievement [26, 3].

The conventional �nite element methods (FEMs) have been often utilized to calculate structural responses
and sensitivities in the structural optimization process. However, the discretization of smooth shell structures
into facet elements will lead to geometric inaccuracy and continuity reduction, which will further a�ect the
e�ectiveness of structural optimization. In addition, the frequent exchange of geometric data between the
design model and the analysis model is time-consuming. Isogeometric analysis, proposed by Hughes and
coworkers [16], uni�es the geometric representation of the design model and the analysis model, greatly
integrating the CAD/CAE process. The spline functions used to represent geometric models in CAD are
employed as the shape functions in analysis models for simulations. The sophisticated mesh generation can be
tactfully avoided. It provides a friendly alternative for structural optimization besides the conventional FEMs.

In recent years, isogeometric analysis (IGA) has already been used for both structural shape and topology
optimization. Seo et al. [32] �rst studied the NURBS-based isogeometric shape optimization of shell structures
based on the Reissner-Mindlin (RM) shell theory. Kiendl et al. [20] proposed a semi-analytical sensitivity
analysis and sensitivity weighting method for NURBS-based isogeometric shape optimization of shells based
on the Kirchho�-Love (KL) shell formulation. To handle the complex design domain problems, Bandara et al.
[2] used subdivision surfaces for isogeometric structural shape optimization. Kang and Youn [18] considered
the topologically complex geometries built with trimmed patches in the shape optimization. Lian et al. [22]
combined T-splines and isogeometric boundary element method for shape sensitivity analysis. Hirschler et al.
[15] investigated the shape optimization of non-conforming sti�ened multi-patch structures. The isogeometric
shape optimization has also been applied to the optimal design of composite shells [27, 14, 43, 39, 23].
Moreover, some researchers focused on the calculation of sensitivity [25], optimization algorithms [36], adaptive
re�nement [6], thickness distribution [7] in isogeometric structural shape optimization. Kang and Youn [19]
studied the isogeometric topology optimization of shell structures built with trimmed NURBS patches. Zhang
et al. [41] developed an IGA-based moving morphable void method for structural topology optimization.
Afterward, they considered stress-related topology optimization of shell structures [40]. Cai et al. [4] combined
the IGA method, the adaptive bubble method and the �nite cell method for simultaneous shape and topology
optimization of shell structures. Pan et al. [29] proposed an IGA-based SIMP method for structural topology
optimization based on the Reissner-Mindlin theory.

From the above-reviewed works, isogeometric structural shape and topology optimization usually employs
NURBS functions for the representation of the design domain and structural analysis. When considering a
complex domain built with multiple NURBS patches, additional works like interface coupling, and dealing
with trimming elements are required [8, 9, 11, 10]. In this paper, we developed an isogeometric shape
and topology optimization approach using analysis-suitable unstructured T-splines (ASUT-splines), which can
greatly alleviate the heavy burden of dealing with complex geometries. The ASUT-splines generalize the
de�nition of analysis-suitable T-splines [21] to allow unstructured T-mesh with extraordinary points [31]. This
extension dramatically improves the geometric representation capacity of topologically complex models with
a single ASUT-spline patch. To achieve C1 continuity at the vicinity of extraordinary points, Nguyen and
Peters [28] employed the D-patch method which was �rst proposed by Reif [30]. Toshniwal et al. [34]
combined D-patch and a split-then-smoothen strategy for integrated modeling and analysis on unstructured
quad meshes. Recently, the ASUT-splines have been extended and applied for isogeometric analysis of complex
shell structures [5, 35, 36, 13]. To further extend the capability of complex model representation, Liu et al. [24]
utilized a weak coupling method to couple multiple unstructured T-spline patches for large thin shell analysis.
Yang et al. [37] developed a surface blending method to blend multiple ASUT-spline patches. Zhao et al.
[42] �rst studied the isogeometric topology optimization of two-dimensional models built with ASUT-splines.

In this paper, we developed an isogeometric structural shape and topology optimization method using
ASUT-splines for geometric modeling and structural analysis. The data exchange between design models
and analysis models is discussed within the multi-level optimization framework. The Kirchho�-Love shell
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theory is utilized for the calculation of structural responses. The sensitivity formulations in isogeometric shape
optimization are derived in detail. In addition, we employed ASUT-splines to construct continuous density
functions for isogeometric structural topology optimization. Several numerical examples are implemented to
validate the performance of isogeometric structural shape and topology optimization on topologically complex
design domains.

2 ISOGEOMETRIC KIRCHHOFF-LOVE SHELL FORMULATIONS

The Kirchho�-Love shell theory is employed for structural analysis. To achieve C1 continuity over the the vicin-
ity of extraordinary points, non-uniform D-patch [38], Bézier extraction and truncation schemes are utilized.
Based on the Kirchho�-Love assumption, the material point of a shell is expressed as

x(ξ, η, ζ) = s(ξ, η) + ζa3(ξ, η), (1)

in which s : Ω̄ → Ω indicates the middle surface of the shell structure; ζ ∈ [−t/2, t/2] and t is the thickness;
a3(ξ, η) is the unit normal vector de�ned at the point (ξ, η). Let a1 = s,ξ, a2 = s,η be the two tangent vectors,
then the normal vector a3 = a1 × a2/||a1 × a2||.

By using ASUT-splines, each element of the shell structure can be represented by

se(ξ, η) =

me
cp∑

a=1

qeaR
e
a(ξ, η) = ReQe, (ξ, η) ∈ Ω̄e, e = 1, 2, · · · ,me, (2)

where me is the number of elements in analysis models; me
cp is the number of control points corresponding

to the element e; Qe is a 3me
cp × 1 column vector consisting of coordinates of control points; Re is written as

Re =


Re

1 0 0 Re
2 · · · Re

me
cp

0 0

0 Re
1 0 0 · · · 0 Re

me
cp

0

0 0 Re
1 0 · · · 0 0 Re

me
cp

 . (3)

Under the framework of IGA, the displacement �eld u(ξ, η) is discretized as

uh(ξ, η) =

me
cp∑

a=1

ueaR
e
a(ξ, η) = Reue, (ξ, η) ∈ Ω̄e, e = 1, 2, · · · ,me, (4)

in which uea denotes the displacement vector at the control point a; ue indicates the displacement vector of
the element e. The �rst and second derivatives of Re are denoted by Re

,α and Re
,αβ . The subscript α and β

take values 1 and 2. As a consequence, we have aα = Re
,αQ

e and aα,β = Re
,αβQ

e.
Assume that the shell structure undergoes a small deformation, the sti�ness matrix and external force

vector are given by

Ke =

∫
Ωe

(
BT

mD0Bm + BT
b D2Bb

)
dΩe, (5)

Fe =

∫
Ωe

(Re)
T
fdΩe, (6)

where Bm and Bb are strain-displacement matrices; f is the applied force. For an explicit representation of
matrices Bm and Bb we recommend [12] for more details. D0 and D2 are constitutive matrices and can be
represented using the metric components gij . Let gα be the covariant base vectors de�ned by

gα = x,α = aα + ζa3,α. (7)
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Then the metric components gij are computed as

gαβ = aαaβ − 2ζaα,βa3 + ζ2a3,αa3,β , gα3 = g3α = 0, g33 = 1. (8)

The contravariant metric components gij can be obtained by the inverse of gij , with [gij ] = [gij ]
−1. The

constitutive matrices D0 and D2 are expressed as

D0 = tD
(g)
kl , D2 = t2D

(g)
kl /12, (9)

with

D
(g)
kl =

E

1− ν2


g11g11 νg11g22 + (1− ν)g12g12 g11g12

g22g22 g22g12

sym. 0.5[(1− ν)g11g22 + (1 + ν)g12g12]

 . (10)

in which E and ν are Young's modulus and Poisson ratio.
For the convenience of sensitivity analysis, the sti�ness matrix and external vector given in Eqns. (5)-(6)

are re-expressed on the parametric domain, as

Ke =

∫
Ω̄e

(
BT

mD0Bm + BT
b D2Bb

)
|J|dΩ̄e, Fe =

∫
Ω̄e

(Re)
T
f|J|dΩ̄e, (11)

where |J| = a1 × a2 · a3 = ||a1 × a2||.

3 STRUCTURAL OPTIMIZATION

3.1 Problem De�nition

The general structural optimization can be generally described as
find h ∈ Rnd

min f(h)

s.t. ci(h) = 0, ∀i ∈ E
ci(h) ≤ 0, ∀i ∈ I

(12)

in which h = [h1, h2, · · · , hnd
]T is the design vector; nd is the number of design variables; f is the objective

function; ci is the constraint; E and I denote the equality and inequality constraint sets. The objective
function can be represented as a function of design variables h and �eld variables u, namely,

f := f(h, u(h)). (13)

For linear elastic problems, the relation between h and u is normally rewritten as

K(h)u = F(h), (14)

where K is the sti�ness matrix and F is the external vector. For Kirchho�-Love shell structures studied in this
paper, they are computed using Eqn. (11).
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3.2 Adjoint-based Sensitivity

The optimization problem de�ned in Eqn. (12) can be solved with a variety of algorithms. In this paper,
we consider gradient-based optimization algorithms, which present better convergence and computational
e�ciency when compared to gradient-free methods. The sensitivity analysis is crucial in gradient-based opti-
mization. An analytical adjoint-based method is utilized to compute sensitivity. The derivative of the objective
function with respect to the design variables is calculated as

df

dhi
=

∂f

∂hi
+

∂f

∂u

du

dhi
, i = 1, 2, · · · , nd. (15)

The derivative du/dhi can be recovered from Eqn. (14). Then the above equation can be rewritten as

df

dhi
=

∂f

∂hi
+

∂f

∂u
K−1

(
∂F

∂hi
− ∂K

∂hi
u

)
, i = 1, 2, · · · , nd. (16)

Introducing an adjoint solution u∗, with

Ku∗ =

(
∂f

∂u

)T

, (17)

to Eqn. (16), we can �nd

df

dhi
=

∂f

∂hi
+ u∗

(
∂F

∂hi
− ∂K

∂hi
u

)
, i = 1, 2, · · · , nd. (18)

It can be found that the adjoint solution is solved only once for each sensitivity analysis. The entire process
is more e�cient for problems with fewer constraints. In shape optimization, the sensitivity analysis of design
variables is transformed to compute the sensitivity of control points. Let P be the control points of the design
model, Eqn. (18) can be rewritten as

df

dhi
=

∂f

∂hi
+

(
u∗

∂F

∂P
− u∗

∂Ku

∂P

)
∂P

∂hi
, i = 1, 2, · · · , nd. (19)

3.3 Multi-level Scheme

Note that the geometric model can be precisely re�ned in IGA, we can construct a multi-level model for
structural optimization with a coarse-level model for geometric design and a dense-level model for numerical
analysis. Fig. 1 shows the process of isogeometric structural optimization based on a multi-level model. The
multi-level strategy is important in structural optimization. For instance, the design model generally requires
fewer control points to avoid the perturbation of optimized geometric shape in shape optimization. However,
for structural analysis, more control points are usually required to improve the computational accuracy.

Let Q be the control points of dense models for structural analysis. There is a linear mapping between
P and Q, written as Q = MP. The matrix M can be obtained using the classical knot insertion algorithm.
Correspondingly, the derivative of any function (·) with respect to the control points P can be given by

∂(·)
∂P

=
∂(·)
∂Q

∂Q

∂P
=

∂(·)
∂Q

M. (20)

Combining Eqns. (19) and (20), leads to

df

dhi
=

∂f

∂hi
+

(
u∗

∂F

∂Q
− u∗

∂Ku

∂Q

)
M

∂P

∂hi
, i = 1, 2, · · · , nd. (21)
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Step 1: 
Refinement

Step 4: Update design model

Step 2: 
Isogeometric 
analysis

Step 3: 
Sensitivity 
analysis

Design 
model

Analysis 
model

Figure 1: The process of isogeometric structural optimization using a multi-level model.

The total energy of a linear elastic system can be de�ned as

W(u,u∗,Q) = Wext(u
∗,Q) +Wint(u,u

∗,Q) = u∗F− u∗Ku. (22)

Then the derivative in Eqn. (21) is simpli�ed as

df

dhi
=

∂f

∂hi
+

∂W
∂Q

M
∂P

∂hi
, i = 1, 2, · · · , nd, (23)

in which the term ∂P/∂hi can be obtained in the construction of design model. The remaining unknown term
is ∂W/∂Q, which is related to the structural responses.

4 ISOGEOMETRIC SHAPE AND TOPOLOGY OPTIMIZATION

4.1 Optimization Problem De�nition

Considering the minimization of compliance under the constraints of volume, the shape optimization on the
design domain Ω is de�ned as 

find h ∈ Rnd

min f(h) := FTu

s.t. K(h)u = F,

g(h) := V (h)/V0 − γ ≤ 0,

hi ≤ hi ≤ hi, i = 1, 2, · · · , nd,

(24)

where h = [h1, h2, · · · , hnd
]T denotes the design variables corresponding to the geometric shape of the design

domain; V0 denotes the initial area of the design domain; V (h) indicates the area of the current h; γ is the
prescribed volume fraction; g is the volume constraint function; hi and hi are the lower and upper bounds of
the variable hi.
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Similarly, the topology optimization considering the minimization of compliance is de�ned as

find h ∈ Rnd

min f(χ(h)) := FTu

s.t. K(χ)u = F,

g(χ) :=
1

V0

∫
Ω
χdΩ− γ ≤ 0,

0 ≤ hi ≤ 1, i = 1, 2, · · · , nd,

(25)

in which χ(h) indicates the density distribution of material.

4.2 Sensitivity Analysis of Shape Optimization

In isogeometric shape optimization, the sensitivity analysis with respect to the design variables can be generally
transformed into the sensitivity analysis with respect to the control points. According to the de�nition of the
objective function in Eqn. (24), the adjoint vector u∗ is equal to the displacement u. Therefore, it is
unnecessary to solve the adjoint problem de�ned in Eqn. (17). The derivatives of external work Wext and
internal work Wint w.r.t. control points Qaj , read as

∂Wext

∂Qe
aj

= ue
∂Fe

∂Qe
aj

,
∂Wint

∂Qe
aj

= −ue ∂Ke

∂Qe
aj

ue, e = 1, 2, · · · ,me, a = 1, 2, · · · ,me
cp, j = 1, 2, 3. (26)

The term Qe
aj denotes the j-th component of the a-th control point for the element e. Considering the

expressions of the sti�ness matrix and external force vector given in Eqn. (11), the terms
∂Fe

∂Qe
aj

and
∂Ke

∂Qe
aj

in

the above equation can be computed by

∂Fe

∂Qe
aj

=

∫
Ω̄e

(Re)
T
f
∂|J|
∂Qe

aj

dΩ̄e, (27)

∂Ke

∂Qe
aj

=

∫
Ω̄e

(
∂BT

m

∂Qe
aj

D0Bm + BT
m

∂D0

∂Qe
aj

Bm + BT
mD0

∂Bm

∂Qe
aj

)
|J|dΩ̄e

+

∫
Ω̄e

(
∂BT

b

∂Qe
aj

D2Bb + BT
b

∂D2

∂Qe
aj

Bb + BT
b D2

∂Bb

∂Qe
aj

)
|J|dΩ̄e

+

∫
Ω̄e

(
BT

mD0Bm + BT
b D2Bb

) ∂|J|
∂Qe

aj

dΩ̄e.

(28)

4.3 Density Distribution and Sensitivity of Topology Optimization

The density method is employed for topology optimization of shell structures. Di�erent from the shape
optimization, the design variables h will a�ect the mechanical behaviors through the density distribution
function in the topology optimization. Assume that each control point has a density parameter hi ∈ [0, 1], i =
1, 2, · · · , nd, the density distribution can be described as

χe(ξ, η) =

me
cp∑

a=1

ρeaR
e
a(ξ, η), (ξ, η) ∈ Ω̄e, e = 1, 2, · · · ,me, (29)
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where ρea indicates the density of the a-th control point of element e. According to the SIMP interpolation
method, the Young's modulus Ee(χe(ξ, η)) can be expressed by

Ee(χe(ξ, η)) = Emin + [χe(ξ, η)]
s
(E0 − Emin), (30)

in which E0 is the Young's modulus of the model; Emin is a small value to avoid singularity of the sti�ness
matrix, s is a penalization power.

In sensitivity analysis, the derivative of the sti�ness matrix w.r.t. the density of control points is given by

∂Ke

∂ρea
=

∫
Ω̄e

(
tBT

m

∂Dg
kl

∂ρea
Bm +

t3

12
BT

b

∂Dg
kl

∂ρea
Bb

)
|J|dΩ̄e. (31)

5 NUMERICAL EXAMPLES

5.1 Shape Optimization of A L-shaped Shell

An L-shaped shell model with a central hole is taken as the design domain for shape optimization in this
example. As shown in Fig. 2(a), the top edge is �xed and the bottom edge is subjected to a uniform line load
F = 1. For the material properties, Young's modulus E = 6.825× 107, Poisson ratio ν = 0.3. The thickness
of the shell takes t = 0.04. It can be observed that there are several extraordinary points in the design model.

F

(a) (b) (c) (d)

Figure 2: The L-shaped shell model with a central hole. (a) Design model SD0 with boundary conditions,
(b) analysis model SA0 and the re�ned analysis model (c) SA1, (d) SA2.

(a)(a) (b)(b) (c)(c) (d)(d)

Figure 3: The isogeometric analysis results for (a) initial design model with compliance of 182.601, (b)
optimized shape using scheme #1, with compliance of 8.7043, (c) optimized shape using scheme #2, with
compliance of 7.2267, and (d) optimized shape using scheme #3, with compliance of 1.0399.

To satisfy the C1 continuity requirement for the Kirchho�-Love shell, the analysis model SA0 as given
in Fig. 2(b) is constructed from the design model SD0 using the D-patch scheme. Then the initial analysis
model is re�ned twice to get the dense models SA1 and SA2, as shown in Figs. 2(c) and 2(d). The geometric
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shape of the four surfaces is the same with each other. The number of control points is 104, 176, 720 and
2960. Three multi-level schemes are designed as follows

� Scheme #1: Taking SD0 as the design model and SA2 as the analysis model.

� Scheme #2: Taking SA0 as the design model and SA2 as the analysis model.

� Scheme #3: Taking SA1 as the design model and SA2 as the analysis model.

In each scheme, the two-layer boundary control points are constrained and the coordinates of central control
points are treated as the design variables. The classical MMA algorithm [33] combined with the open-source
library NLopt [17] is used to update the design variables.

Fig. 3 illustrates the isogeometric results of the initial model and the optimized models. It can be found
that the compliance values of the three optimized models are 8.7043, 7.2267 and 1.0399, which are much
lower than that of the initial model 182.601. However, the geometric shape of the three optimized models is
di�erent. More control points in the design model will lead to more details on the optimized model, which can
be observed from Fig. 3(d). Although scheme #3 presents the lowest compliance, there are plenty of wrinkles
on the model and the surface quality is poor. The optimized model obtained by using schemes #2 and #3
is relatively reasonable and is smoother than that of #1. The convergence curves of the isogeometric shape
optimization for three schemes are demonstrated in Fig. 4. The objective functions for all three schemes can
converge fast to stable values.

Figure 4: The convergence curve for the isogeometric shape optimization of the L-shaped shell using three
schemes #1, #2, and #3.

5.2 Shape Optimization of A Blend Surface Shell

The shape optimization of a blend surface shell is studied in this example, as depicted in Fig. 5(a). The blend
surface shell is constructed by blending three basis surfaces with six control parameters α1, α2, α3, β1, β2, β3

developed by Yang et al. [37]. Two bottom boundary edges are �xed. The top edge is subjected to two types
of forces: one is horizontal and the other is vertical. The magnitudes of the two forces are 1. The Young's
modulus E = 3 × 106 and Poisson ratio ν = 0.3, thickness of the roof t = 0.1. The volume fraction of
the shell is assumed to be 100%, namely, no change on the shell surface area. To improve the accuracy of
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the computation of structural responses, the design model is re�ned as given in Fig. 5(b). Two schemes are
formulated to select design variables as follows:

� Scheme #1: The six design parameters related to the green control points and the coordinates of the
blue control points are selected as design variables, as shown in Fig. 5(c).

� Scheme #2: The coordinates of the blue control points, as shown in Fig. 5(d), are selected as design
variables.

fixedfixed

(a) (b) (c) (d)

Figure 5: The blend shell model. (a) The design model and boundary conditions; (b) The analysis model
re�ned from the design model; (c) Scheme #1, the blue control points move freely and the green control
points are controlled by design parameters of the blend surface; (d) Scheme #2, the blue control points move
freely.

The shape optimization results are illustrated in Fig. 6. Figs. 6(a) and 6(d) present the displacement
results of the initial design under two di�erent force conditions. The optimized shapes using scheme #1
are given in the sub-�gures 6(b) and 6(e). The sub-�gures 6(c) and 6(f) show the optimized shapes using
scheme #2. It is observed that both schemes achieve lower compliance under two types of force conditions.
Scheme #2 produces lower compliance but more surface defects including fold, twist and self-crossing, which
are considered to be caused by more design variables. The optimization history of the blend shell model based
on schemes #1 and #2 under two force conditions is plotted in Fig. 7, where the convergence curve of scheme
#2 �uctuates more sharply.

5.3 Topology Optimization of A Bracket

In this example, we consider the isogeometric topology optimization of a connecting bracket of the payload
adapter of the LISA Path�nder satellite [1]. The geometric model of the bracket is simpli�ed as shown in
Fig. 8. The model is constructed using ASUT-splines as illustrated in Fig. 9. The red domain in Fig. 9(a)
is selected as the undesigned domain. The top face is subjected to a uniform load and the bottom face
panels are �xed as illustrated in Fig. 9(b). The material takes aluminium alloy Al7075 with Young's modulus
E = 70.3GPa, Poisson ratio ν = 0.33. The initial design model is globally re�ned twice with 6572 elements
for simulation.

The volume fraction and density of the initial control points take 0.8. The displacement results of the
initial model and the optimized model are plotted in Figs. 9(c) and 9(d). It can be found that the maximum
displacement rises from 0.4918 to 0.4948 by 0.61%. Fig. 10 presents the optimization history of the compliance
of the bracket. The four history con�gurations correspond to the 1,7, 10 and 100 steps. The compliance is
reduced from 26.574 to 9.521. The surface area is reduced to 80% of the original area.
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(a) (b) (c)

(d) (e) (f)

Figure 6: The shape optimization of blend shell. (a) Force 1, initial design, obj (compliance) = 0.030944;
(b) Force 1, optimized design by scheme #1, obj = 0.020844; (c) Force 1, optimized design by scheme #2,
obj = 0.015684; (d) Force 2, initial design, obj = =0.0086497; (e) Force 2, optimized design by scheme #1,
obj = 0.0039623; (f) Force 2, optimized design by scheme #2, obj = 0.0034172.

Figure 7: The optimization history of the blend shell model based on schemes #1 and #2 under two force
conditions.
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Figure 8: The bracket of payload adapter on the LISA Path�nder [1] and its simpli�ed geometric model.

(a) (b) (c) (d)

Volume
80%

Volume
80%

Volume
100%
Volume
100%

Figure 9: The geometric modeling and topology optimization of the bracket. (a) ASUT-spline based modeling;
(b) Boundary conditions; (c) and (d) The isogeometric analysis of the initial and optimized models.

6 CONCLUSIONS

A uni�ed geometric data is the cornerstone for IGA-based structural optimization. Other than traditionally
using NURBS to implement shape representation, analysis as well as optimization, this paper constructs
a complete framework to capacitate the relevant operations on the basis of ASUT-splines. The necessary
technology details to realize shape and topology optimization are explained and the whole process indicates
the potential for combining IGA with unstructured splines to underpin an integrated CAD/CAE/OPT scenario.
From the numerical examples, it is observed that the increase of control points in the design model may
deteriorate the optimization results. Therefore, the design model should be chosen carefully with a suitable
re�nement. For the future perspective, the shape and topology optimization around the neighboring area of
extraordinary points require more investigation.
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Figure 10: The optimization history of compliance of the bracket and four middle con�gurations.
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