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Abstract. The shape uniqueness theorem for free-form curves shows the conditions on which
the shapes of two parametric curves defined by three control points are identical altough
their parametrization may be different [6]. According to this theorem, even though their
blending functions look different, the curves become identical by reparametrization under
some conditions on their blending functions.

A lot of researches have been done on the blending functions of free-form curves so far
and many types of free-from curves are available for curve designers. These designers must
be confused on which type of curve should be used for their design. We hope that the shape
uniqueness theorem for free-form curves will help the designers classify and categorize types
of curves and select the most suitable one for their design purposes because it identifies the
curves which superficially look different but represent the same shape.

In this paper we will apply the shape uniquness therem to the H-Bézier curve, whose
blending functions are defined by recursively using integral forms. We think that it is worth
while to apply the shape uniquness theorem to a uniquely defined free-form curve.
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1 INTRODUCTION

The shape uniqueness theorem for free-form curves shows the conditions on which the shapes of two para-
metric curves defined by three control points are identical altough their parametrization may be different.
According to this theorem, even though their blending functions look different, the curves become identical
by reparametrization under some conditions on their blending functions.
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A lot of researches have been done on the blending functions of free-form curves so far and many types of
free-from curves are available for curve designers. These designers must be confused on which type of curve
should be used for their design. We hope that the shape uniqueness theorem for free-form curves will help
the designers classify and categorize types of curves and select the most suitable one for their design purposes
because it identifies the curves which superficially look different but represent the same shape.

In this paper we will apply the shape uniquness therem to the H-Bézier curve [3], whose blending functions
are defined by recursively using integral forms. We think that it is worth while to apply the shape uniquness
theorem to a uniquely defined free-form curve.

2 H-BEZIER CURVE [3, 2]

The H-Bézier curve of degree n with parameter « is

for t € [0,1], where Z]" is the H-basis function of degree n defined by

sinha(l —t)

1 _
Zo (*) sinh « (2)
1,,,  sinhat
Zi(t) = sinh o (3)
and recursively
t
Wi = [ Zias 0<i<n) @)
0
Wi (t)
ZnJrl =1— (5)
0 ( ) WO (1)
W (t) W(t) )
Zn+1( i—1 _ 7 (1 S i S ’fl) (6)
V=W W
W" t)
n+1 n
for n > 1. The quadratic H-basis functions are
1—cosha(l—1t)
Z
0( )= 1 —cosha (8)
cosha(l —t) — cosha — 1 + cosh at
Z%(t) - ( )1 — cosh « ©)
1 — cosh at
Z2(4) = — 1
2(*) 1 —cosha (10)
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and the cubic H-basis functions are

_a(l —t) —sinha(l —t)

Z3(t) = 11
o) a —sinha (11)
Z3(t) = at +sinha(l —t) —sinha  sinha(l —t) + atcosha + at —sinhat —sinh (12)
A a —sinh «a acosha + a —2sinha
Z3(1) = sinh (1 —¢) + atcosha + at —sinhat —sinha a(1 —t) —sinhat (13)
LA acosha + a —2sinha a —sinha
. a(l —t) —sinhat
Z3(t) = 14
o(®) a —sinha (14)
Note that
Z3(t)?
—as~ = 2(1 h ). 1
ZI0VZ10) (1 + cosh @) (15)
The quadratic rational Bézier basis functions R?(t), i = 0,1, 2 are given by
1—1)2
R3(t) = ( 16
() (1—1)24+2(1 — t)tw + 12 (16)
2(1 = t)tw
Ri(t) = 17
1(®) (1—1)24+2(1 —t)tw + 12 (17)
t2
R3(t) = 18
2(?) (1—1)24+2(1 —t)tw + 2 (18)
where w is the weight of the second control point. Then
R (t)? 2
s = 4w 19
RE(0) RS0 19

From the shape uniqueness theorem for the free-form curve defined by three control points [6], the shapes of
quadratic H-Bézier and rational Bézier curves are identical for the same given control points if 2(1+cosha) =

4w3, i.e. the equivalent weight wy, = /1H<2he Since cosha > 1 for o > 0, y/1Fegshe > 1,

2.1 Shape Equivalence of the Cubic H-Bézier Curve

In this section, we will discuss on the shapes of cubic H-Bézier curve and the up-degreed curve of the quadratic
rational Bézier curve based on the recursive algorithm explained in the previous section. The up-degree
procedure is different from the generation by multiplying (1 — ¢) 4+ ¢ to the lower basis functions. In the
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quadratic rational Bézier basis functions are up-degreed as

R3(t) = V—w —1vw — 1(log(2t(t(—w) +t +w — 1) + 1) — 2t + 2)
2v/—w — 1v/w — 1 + 4w tan™! (_“’771>

w—1

o (S0 < ()

2v/—w — Iy/w — 1+ 4wtan™! ( fw_] )

w—1

(20)

s (w—1) ((w—|—l)1og(2t( (—w)+t+w—1)+1)+2V/—w—1y/w—Ttan™! ( (2t— i{f_?))
Rl (t) = _ - _ —1
(\/—w— Vw—1+2tan~! ( X )) (\/—w Ivw — 1+ 2wtan™! ( 7ww71))
2vew - TV Tt (_wT) (2t — 1)(w — 1) + log(2t(tH(—w) + t +w — 1) + 1)) o1
2(\/—w— IVw— 1+ 2tan™ 1( )) V—w —1y/w -1+ 2wtan™ 1(#7—11)
RS (D) — (w—1) ((w +1)log(2t(t(—w) + t+w — 1) + 1) — 2¢/=w — Iv/w — L tan™ ((%@))

w1
N 2v/—w — Iy/w —tan™! ( o T ) (2t — 1)(w — 1) — log(2L(t(—w) + t +w — 1) + 1)
(\/—wi—\/i—i— 2tan! ( :” )) (mm-& 2w tan~? ( f”w:ll)
R3(t) = V=w — 1vw — 1(log(2t(t(—w) +t +w — 1) + 1) + 2t)
° 2v/—w — 1v/w — 1+ dwtan™?! (\/‘/EJ

2ot (SR o (o )>> -

2v/—w — Iyv/w — 1 + dwtan™? ( w1

vV—w—1

(\/T\/iJerall_l( w_ ) (x/T\/iJr%vtan (m)>
)

These basis functions are different from those of the cubic Bézier curve and, for example R3(¢)?/(R3(t)R3(t))
is dependent on parameter t. Hence they are quite different from those of the cubic rational Bézier curve.
Please refer to [4] on the shape uniqueness theorem for the free-form crve defined by four or more control
points. Figure 1 shows these basis functions with w = 1/2.

2.2 Reparametrization of Integration

Identical shape of two parametric curves is defined as follows [1]:

Definition 1. For two parametric curves v : I — R® and 7 : I — R3, there exists a C* function ¢ : I — I,
1) ¢ is a one to one and onto mapping from I to I. 2) ¢ is strictly increasing. 3) Forallt € I, #(¢(t)) = r(t).
We say that r and 7 define the same curve or their shapes are identical.

Then 7((¢(t)) is called reparametrization of r(t). For example, there is a function ¢(t) such that

Ri(o(t)) = ZZ(t) i=0,1,2 (23)

We assume that

o()
/O R2(6(1))do(t) = TE(6(1)) (24)
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Figure 1: Basis functions of the up-degreed rational quadratic Bézier curve with w = 1/2.

Since ¢(1) =1,
_ o, T5(e()
Ri(o(e) =1~ “5E (25)
T5(s(t)  TP(e(1)
_ TP (8()  TE(e(t)
_ T3(e(1)
R3(¢(t) = ) (28)
Hence, R? is naturally reparametrized by ¢(t).
Before discussing the relationships among Z? and R3, i = 0,--- , 3, we show the properties of Z3. From
their definition,
3
Y Zit)=1 (29)
=0
= dZ3(1)
2 7 0 (30)
3 t
Z3(t)dt = 31
> [z (31)

Especially when ¢t = 1, we obtain

3 1
> / Z3(t)dt =1 (32)
: 0
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Figure 2: The identical two curves with @« =1/2 and w = 4/ %

Z2(t) are given by

3 1
20 = -8 [z (33)
tJo
3 1 3 1
72(1) = %) / 22yt — 410 / Z2(t)dt (34)
a ), a ),
dz3t) [t dz3t) [* dzst) [t
205 _ 041 2 _ aZg 2 _ 43 72
7z = /0 O /2 Z(tyde = 4 /2 2(1)dt (35)
Hence
2202 (AP A - T J 23 (1de)? o)
2 2 3 3
Z5(1)23(1) 0) (1 72 ()t Za D [ 72 (t)dt

is not dependent on parameter ¢ and a constant.

Since R? is naturally reparametrized by ¢(t), given the same four control points, the shapes of the curves
whose basis functions are Z3(t) and R3(t), respectively are identical. Figure 2 shows the identical two curves
defined with the same control points (0,0), (1,1), (2,0), and (3,1).

3 Generalized Trigonometric Curve [5]

We will apply the recursive procedure explained in first section to obtain the quadratic generalized trigonometric
basis functions. We will start from

n

qa(t) =) S;(t)bi (37)

=0
for ¢t € [0, 1], where S!* are the basis functions of degree n defined by

Tt

Sa(t) = cos 5 (38)
S1(t) = sin %2 (39)
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and recursively

Vi - [ st 0<i<n (40
570 =1- 50 (@)
SAHORREU ()

for n > 1. The quadratic basis functions are

S2(t) = 1 — sin %t (44)

S%(t) = sin %t + cos %t -1 (45)
t

S2(t) = 1 — cos % (46)

The above basis functions are the same as the generalized trigonometric basis functions. Note that

St (t)?

20530 47)

Hence, from the shape uniqueness theorem for three control points, if the weight w of the second control point
of a quadratic rational Bézier curve is equal to 1/+/2, the shapes of the quadratic generalized trigonometric
curve and the quadratic rational Bézier one are identical.

The cubic basis functions are

m(1—t) — 2cos (%)

So(t) = — ”
sty = = = (i)SiZ)((j)2)4 i (49)
st = LoD =2 )+ Do () 42 o
. % (51)

Figure 3 shows these cubic basis functions. They are different from the cubic generalized trigonometric basis
functions and S3(¢)?/(S5(t)S3(t)) is dependent on parameter .

Since R? is naturally reparametrized by ¢(t), given the same four control points, the shapes of the curves
whose basis functions are S3(t) and R2(t), respectively are identical. Figure 4 shows the identical two curves
defined with the same control points (0,0), (1,1), (2,0), and (3,1).

4 Extension of Generalized Trigonometric Curve [5]

We will apply the recursive procedure explained in first section to obtain an extension of the quadratic gen-
eralized trigonometric basis functions. Similar to Egs.(2) and (3) we replace sinh with sin, we will define S}
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Figure 4: The identical two curves with w = 1//2.

sin Z80=Y)

sh =22 (52)
sin @2
st =" 53)
2

Y () = /O Si(s)ds (0<i<n) (54)
Sy =1- 1 (55)
SE0) = Pt - yey i< (50
Spthe) = 20 57)
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for n > 1. Note that to guarantee the monotonicity of Si(¢) and Si(t), we restrict 3 as 0 < B3 < 1. The
quadratic basis functions are

1 — cos Wﬁ(l_t)

0= (58)

wB(1— t) Bt ee)

cos ——5— + cos 5= —cos - — 1

St = = (59)
1 — cos ”Bt

S _ = 60

50 = e (60)

To guarantee the positivity of S3(t), S?(¢) and Sj (), we restrict 3 as 0 < 3 < 2. T The above basis functions
are the same as the generalized trigonometric basis functions. Note that
S2(t)? T
e i( )2 =4 cos? 8 (61)
So(1)53(t) 4
From the shape uniqueness theorem for the free-form curve defined by three control points [6], the shapes of
quadratic extended generalized trigonometric curves and rational Bézier curves are identical for the same given
control points if 4 cos? ’T—b = 4w?, i.e. the equivalent weight w; = cos “2. Since 0 < 3 <2, 0 < cos ™ < 1,
From the same theorem, the shapes of quadratic H-Bézier and extended trigonometric curves m|ght be for
the same given control points if their equivalent weights wy, and w; are the same. However their equivalent

weights won't be the same since wy, = /3222 > 1 and w; = cos % <1
The cubic basis functions are

mB(1 —t) — 2sin (7”6(;7”)

So(t) = 57r—251n% (©2
5, At —2sin (3mB(t — 1)) — 2sin (Z£)
Si(t) = 7B — 2sin (%)
N csc (%) (—Wﬁt-‘r 2sin (i) + 25111( mB(t — 1)) + 7(—=p)tcos (7/8) + 2sin (%)) (63)
73 cot (7r ) —4
3,0 Wﬂt+2sm( )+ QSIH(M)
S2(t) = b — 2sm(’72ﬂ)
csc(jﬁ)bec(jﬂ)( (t—1) —25111( )—251n(%7r t—l)—&—Wﬁ(t—l)cos(%)—i—Qsin(’;—B))
+ 2mBcot (Z£) — (6)
Sg(t) — % (65)

. 7B
Bm — 2sin -

Figure 5 shows these cubic basis functions with § = 1/2.

Since S? is naturally reparametrized by ¢(t), given the same four control points, the shapes of the curves
whose basis functions are S?(t) and Z3(t), respectively are identical. Figure 6 shows the identical two curves
defined with the same control points (0,0), (1,1), (2,0), and (3,1).

5 Quartic Curves

Since integration preserves reparametrization, we expect the shapes of the quartic curves are identical if those
of their lower-degree curves are identical. Furthermore, if the shapes of the lower-degree curves are identical,
those of the curves of any higer degree are identical. In this section we will confirm this fact for quartic curves.
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Figure 5: Basis functions of the up-degreed extended quadratic generalized trigonometric basis functions with

B=1/2.
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Figure 6: The identical two curves with w = 1//2.
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. . . . , . . . 1+cosh%
Figure 7: Quartic Rational Bézier Basis Functions with w = \/ —5—=2.

1.0

0.6
041

0.2

Figure 8: Quartic H-Bézier Basis Functions with o = 1/2.

Appendices describe the basis functions of rational Bézier, H-Bézier and extended generalized trigonome-

. . N . . . . 1+cosh &
toric curves of degree 4. Figures 7 and 8 show quartic rational Bézier basis functions with w = 1/ """ % and

quartic H-Bézier basis functions with o = 1/2 and figures 9 and 10 do quartic rational Bézier basis functions
with w = cos § and quartic extended generalized trigonometric basis functions with =1/2, respectively.

sh L . L.
Figure 11 shows the quartic rational Bézier curves with 4/ % and the quartic H-Bézier curves a = 1/2

are identical and figure 12 does the quartic rational Bézier curves with w = cos § and the quartic extended
generalized trigonometric curves =1/2 are identical.

Computer-Aided Design & Applications, 22(3), 2025, 458-475
© 2025 U-turn Press LLC, http://wuw.cad-journal.net


http://www.cad-journal.net

469

06

041

0.2 0.4 0.6 0.8 1.0

Figure 9. Quartic Rational Bézier Basis Functions with w = cos %.

0.8

041

02

Figure 10: Quartic Extended Generalized Trigonometric Basis Functions with b = 1/2.

1+cosh

Figure 11: The identical two quartic curves with \/ ——5—2 for rational Bézier and a = 1/2 for H-Bézier

curves. The second curve is translated in the vertical direction by 0.1.
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14F
12F
10F
08f
06F
04f

Figure 12: The identical two quartic curves with w = cos § for rational Bézier and a = 1/2 for extended

generalized trigonometric curves. The second curve is translated in the vertical direction by 0.1.

6 C-Bézier Curve

The C-Bézier curve was proposed by Zhang [7] and it is defined by 4 control points using the following basis
functions:

(v —t) —sin(a — t)

3 _
Gt = o — sin o (66)
: 1 — cos(a — t)
S(H) = M[————2" 03¢ 7
cil) [ 1 —cosa Co(®)] (67)
1 — cost
3(p) — (L8t -3
Calt) = Mlg—_ = = C5(t)] (68)
3(p) = LSt
CS(t)_oz—sina (69)
where
M= 1 fa=m (70)
| el fo<a<n

where 0 < a < 7.
In this definition the range of parameter ¢ is [0, «] and we adopt its second form by reparametrizing as
s =t/ as follows:

a(l —s) —sina(l —s)

C3(s) = P (71)
Gty = M=) g (72)
Ci(s) = ML 2% — ()] (73)
o 2

We would like to reverse the recursive procedure described in Section 1 and obtain the lower version of
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these blending functions. By differentiating Eqgs.(5), (6), and (7), with respect to s with Eq.(4), we obatin

acyis) __Ch(s) -
ds Dy (1)
dCmt(s)  Cry(s)  ZP(s
i = — = 1<i<
s b, ppmy ETEM 7
ACp ) _ () -
ds Dn(1)
where
DI (s) = / crdt (0<i < n) (78)
0
For the first the basis functions of the C-Bézier curve, we obtain from Eq.(75),
dC3 (s
a3 = -0 e (79)
We assume when s = 0, C2(0) = 1. Since
dcs 1-s5)—-1
C;S(S) B OZ(COSonéE sin? )’ (80)
then
dcg -1
CC?S(O) - af)zco—sjina )’ (81)
Hence
2y L a—sina
Do(1) = dC(ing) ~ afcosa —1) (82)
Therefore
5 afcosa(l —s)—1) a—sina 1 —cosa(l —s)
t) = =
Co(t) a —sina alcosa — 1) 1—cosa (83)
We assume that C2(s) = CZ(s) and C?(s) =1 — C3(s) — C3(s) and
9 cos(as) + cosa(l —s) —cosa — 1
= 4
Cils) 1—cosa (84)
1 —cosas
2 —_
G0 = T sa (85)
Note that
Ci(s)?
SRS —
C2(5)C2(5) (1+ cosa) (86)

Therefore its equivalent weight w, = /1952, Since 0 < a < 7, 0 < w, < 1.
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Similarly we obtain

sina(l —s)

1 _
Chls) = = — (87)
sin acs
Cls) = 2 (88)

When a = 7/3/2, Eqgs.(52) and (53) become the same.
Let’s review the definition of the second form of the C-Bézier curve and we can rewrite them as

M is automatically determined by the partition of unity of the basis functions.
In conclusion, the basis functions of the C-Bézier curve consist of the mixture of the quadratic and cubic
basis functions of the extended generalized trigonometric functions.

7 CONCLUSIONS

In this paper we have applied the shape uniquness theorem to the H-Bézier curve [3], whose blending functions
are defined by recursively using integral forms. We have shown the equivalence of quadratic H-Bézier and
quadratic rational Bézier curves and that of quadratic extended generalized trigonometric ones. Also we have
shown that the reparametrization is kept by the integration and if the original curves are equivalent, the
recursive procedure guarantees the equivalence of the up-degreed curves. Furthermore we have derived new
basis functions of degrees 3 and 4 based on the construction of H-Bézier basis functions.
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A Quartic rational Bézier basis functions

The basis functions in Appendices A, B and C are “symmetrical”’, that means

Z5(t) = ZH(1 - 1) (91)
Zi(t) = Zy(1 - 1) (92)

Hence, we write only Z§(t), Z{(t) and Z5(t).

fro(t)
Z3(t) = 93
T‘O( ) QTO(t) ( )
frl (t)
Z4 (1) = L2 04
rl( ) gr1 t) ( )
fTZ(t)
Z4(t) = 95
r2( ) gr2(t) ( )
(96)
where
Frro(t) i Vo1
fro<t>=1—<m—tan 1( _w_1)> (o7)
9r0(#) = —v/=w —Tvw =1 - 2¢an"! (7%) (98)
P — 1 (m(QtQ(w—l)+(72tw+2t—1)10g(2t(t(—w)+t+w—1)+1))+h7,1(t)
R VIR TV T4 2tan— (2L

Vo —T
Vw1

(2t — 1>m>>

72\/7w71(tan_1 ( ——

) ((w —D)(2t(t(—w) + t+w+ 1) + (1 — 26) log(2t(t(—w) + t+w — 1) + 1) +2) — 2y/—w — 1y/w — Ttan" ' <

— 1)Vw — Vw — 2
+(w —1) (Z(t(w — 1)+ 1) tan" ! (%) —tv/—w — 1w — 1(log(2t(t(—w) + t +w — 1) + 1) — 2)) —2y/—w — 1y/w — Ltan ! ( — 711) )
(99)
ST\ 2 —
gr1t = —2w? 4+ 4(w + 1) tan " L < :Uw 711> 4 2(w 4+ 3)y/—w — Iyw — Ltan 1 ( :‘w 711> + 2) (100)
fra(t) = — ((w - ((w + Dlog2t(t(—w) +t+w—1)+1) —2V-w — 1yw — 1 <(2(t — 1t + 1>tan71 (\/%) + (1 — 2t) tan~ 1 (%)))
(101)
_ Vo =1 _ Vo =1
gro(t) = 2 (wz —tan"1 ( — 1) ((w +3)v/—w — Iv/w — 1+ 2(w + 1) tan " * ( — 1)) - 1)) (102)
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where

faro(t) = =26°V—w — Tw + 26>/ —w — 1 — 2tv/—w — Tlog (—2t*(w — 1) + 2t(w — 1) + 1)
+ 2twyv/—w — 1log (—2t*(w — 1) + 2t(w — 1) + 1) + v/—w — Llog (—2t*(w — 1) + 2t(w — 1) + 1)

+ 4twv/w — Ttan™" ( v 1 ) + 4twvw — Ttan™ " (%)

V—w-—-1 V—w-—-1
(@ -DVe—T
—2y/w — 1tan (ﬁ) (103)
Jaro(t) = 2vVw —1 (104)
het(t) = 2v/w — 1(1 — 2tw) tan*l(\/i”:‘;__ll) +ovaw —1(2tw + 1) tan*l(% ”_“’1_1) (105)

B Quartic H-Bézier basis functions

a?(t —1)? — 2cosh(a — at) + 2

4 —
Zno(t) = a? — 2cosh(a) + 2 (106)
Zp (1) = ngl (107)
9n1
Z0(1) = a(a(t — 1)t + sinh(at) 4 sinh(a — at) — a(t — i)tcosh(a) — sinh(a)) (108)
(a cosh (%) — 2sinh (%))
where
[ (t) = (sinh(a) — a)(at (a2 (t — 1) + 2) + 2sinh(at) + 2sinh(a — at)
+ a(a (sinh(a — at) — (t — 1)? sinh(a)) — 2(t — 1) cosh(a) — 2cosh(a — at)) — 2sinh(a)) (109)
gh1 (t) = (a® — 2cosh(a) + 2) (a cosh (%) — 2sinh (%))2 (110)
C Quartic extended generalized trigonometric basis functions
4 B2 (t —1)* +8cos (wB(t — 1)) — 8
Zyo(t) = 7232 + 8 cos (?) -8 (111)
7 (1) = 72 (—=B%) (t — 2)t — 8 cos (3mB(t — 1)) + 8 cos (Z2)
7282 + 8cos (Z£2) — 8
mB(mB — 2sin(F)) (fer () — gz (1))
~ _rBsin (Z2) —4cos (Z2) +4 (112)
70 (1) = 3 tan ("TB) (mB(t — 1)tsin (%) +2 (coBs (£ + COZ (%;rﬁ(t —1)) — 1) — 2cos (?)) (113)
73 cos (%) — 4sin (”T))
(114)
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where
. - cos %w (t—1))—cos %
foa(t) = 17pt? — 2tsin (Z£) + 4.( (378 7{;3) (%)) w1s)
w3 — 2sin (%)
) = csc (Z2) sec (Z2) (n2B%t (cos (Z2) + 1) — 4nBtsin (Z2) + 8 (cos (Z£4) + cos (378(t — 1)) — cos (Z2) — 1))
gl = 4mf (nfcot (Z2) — 4)

(116)

Computer-Aided Design & Applications, 22(3), 2025, 458-475
© 2025 U-turn Press LLC, http://wuw.cad-journal.net


http://www.cad-journal.net

	INTRODUCTION
	H-BÉZIER CURVE LU2002379,LEE20151
	Shape Equivalence of the Cubic H-Bézier Curve
	Reparametrization of Integration

	Generalized Trigonometric Curve Miura2021
	Extension of Generalized Trigonometric Curve Miura2021
	Quartic Curves
	C-Bézier Curve
	CONCLUSIONS

