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✸❙❤❡♥③❤❡♥ ■♥st✐t✉t❡ ♦❢ ■♥❢♦r♠❛t✐♦♥ ❚❡❝❤♥♦❧♦❣②✱ t❛♥❣✇❡♥♠✐♥❣❅s③✐✐t✳❡❞✉✳❝♥
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❆❜str❛❝t✳ ❙✐❣♥✐✜❝❛♥t ♣r♦❣r❡ss ❤❛s ❜❡❡♥ ♠❛❞❡ ✐♥ ♠❡s❤ ❞❡♥♦✐s✐♥❣ t❡❝❤♥✐q✉❡s ❢♦r r❡❝♦✈❡r✐♥❣
❤✐❣❤✲q✉❛❧✐t② ♠♦❞❡❧s ❢r♦♠ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ♠❡s❤❡s ❞✐st✉r❜❡❞ ❜② ♥♦✐s❡ ✐♥ r❡❝❡♥t ②❡❛rs✳ ❍♦✇✲
❡✈❡r✱ ❡✈❡♥ st❛t❡✲♦❢✲t❤❡✲❛rt ♠❡t❤♦❞s st✐❧❧ str✉❣❣❧❡ t♦ ❤❛♥❞❧❡ ✈❛r✐♦✉s ♥♦✐s② ✸❉ ♠♦❞❡❧s st❛❜❧②✳
❚❤❡ ♣r✐♠❛r② ❝❤❛❧❧❡♥❣❡ ♦❢ r♦❜✉st ♠❡s❤ ❞❡♥♦✐s✐♥❣ ✐s t♦ r❡♠♦✈❡ ♥♦✐s❡ ✇❤✐❧❡ ♣r❡s❡r✈✐♥❣ ❣❡♦♠❡t✲
r✐❝ ❢❡❛t✉r❡s ❛s ♠✉❝❤ ❛s ♣♦ss✐❜❧❡✳ ❚❤✐s ♣❛♣❡r ♣r♦♣♦s❡s ❛ ♥♦✈❡❧ r♦❜✉st ❛♥❞ ❢❡❛t✉r❡✲♣r❡s❡r✈✐♥❣
♠❡s❤ ❞❡♥♦✐s✐♥❣ ♠❡t❤♦❞ ❛✐♠❡❞ ❛t ❡✛❡❝t✐✈❡❧② ❡❧✐♠✐♥❛t✐♥❣ ♥♦✐s❡ ✇❤✐❧❡ ♠❛✐♥t❛✐♥✐♥❣ t❤❡ s❤❛r♣
❢❡❛t✉r❡s ♦❢ t❤❡ ♠❡s❤✳ ■♥✐t✐❛❧❧②✱ t❤❡ ♥♦r♠❛❧ ❞✐r❡❝t✐♦♥s ❛r❡ ❡st✐♠❛t❡❞ ✉s✐♥❣ ♥♦♥✲❧♦❝❛❧ s✐♠✐❧❛r
str✉❝t✉r❡s✳ ❙✉❜s❡q✉❡♥t❧②✱ t❤❡ ♥♦r♠❛❧ ❞✐r❡❝t✐♦♥s ❛r❡ ✜❧t❡r❡❞ ✉s✐♥❣ ♦rt❤♦❣♦♥❛❧ ♣♦❧②♥♦♠✐❛❧ ✜t✲
t✐♥❣ ♦♥ ❧✐♥❡ ♠❛tr✐❝❡s✳ ❋✐♥❛❧❧②✱ ❡✛❡❝t✐✈❡ ✜❧t❡r✐♥❣ ❛♥❞ ❞❡♥♦✐s✐♥❣ ♦❢ tr✐❛♥❣❧❡ ♠❡s❤❡s ❛r❡ ❛❝❤✐❡✈❡❞
❜② ✉♣❞❛t✐♥❣ ✈❡rt❡① ♣♦s✐t✐♦♥s✳ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❞❡♠♦♥str❛t❡ t❤❛t ♦✉r ♠❡t❤♦❞ ♣r♦❞✉❝❡s
r❡s✉❧ts ❝♦♠♣❛r❛❜❧❡ t♦ ♦r ❡✈❡♥ ❤✐❣❤❡r q✉❛❧✐t② t❤❛♥ st❛t❡✲♦❢✲t❤❡✲❛rt t❡❝❤♥✐q✉❡s✳
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❚❤❡ tr✐❛♥❣✉❧❛r ♠❡s❤ s✉r❢❛❝❡ ♠♦❞❡❧ s❡r✈❡s ❛s ❛ ✈❡rs❛t✐❧❡ r❡♣r❡s❡♥t❛t✐♦♥ ♠❡t❤♦❞ ❢♦r t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ♦❜❥❡❝ts✱
♣❧❛②✐♥❣ ❛ s✐❣♥✐✜❝❛♥t r♦❧❡ ✐♥ ✈❛r✐♦✉s ❛s♣❡❝ts ♦❢ ❝♦♠♣✉t❡r✲❛✐❞❡❞ ❡♥❣✐♥❡❡r✐♥❣✱ ✐♥❝❧✉❞✐♥❣ r❡✈❡rs❡ ❞❡s✐❣♥✱ r❛♣✐❞
♣r♦t♦t②♣✐♥❣✱ ✸❉ ♣r✐♥t✐♥❣✱ ❛♥❞ ✈✐rt✉❛❧ s✐♠✉❧❛t✐♦♥✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ❛♥❞ ♣r♦❝❡ss✐♥❣ ♦❢ tr✐❛♥❣✉❧❛r
♠❡s❤ s✉r❢❛❝❡ ♠♦❞❡❧s ❝♦♥st✐t✉t❡ ❛ s✐❣♥✐✜❝❛♥t r❡s❡❛r❝❤ ❢♦❝✉s ✇✐t❤✐♥ t❤❡ ✜❡❧❞✳ ❆ ❧❛r❣❡ ❛♠♦✉♥t ♦❢ ✸❉ ❣r✐❞ ❞❛t❛
✐♥ ✐♥❞✉str② ✐s ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ ✸❉ ♠❡❛s✉r❡♠❡♥t✱ ✇❤❡r❡ t❤❡ r❡s✉❧t✐♥❣ ❣r✐❞ ♠♦❞❡❧ ♦❢t❡♥ ✐♥❝♦r♣♦r❛t❡s ♥♦✐s❡
✐♥tr♦❞✉❝❡❞ ❞✉r✐♥❣ s❝❛♥♥✐♥❣ ❛♥❞ ❞✐❣✐t✐③❛t✐♦♥✳ ❚❤✐s ♥♦✐s❡ ❝❛♥ s✐❣♥✐✜❝❛♥t❧② ✐♠♣❡❞❡ t❤❡ ✉s❛❜✐❧✐t② ♦❢ t❤❡ ❣r✐❞
♠♦❞❡❧✱ ♥❡❝❡ss✐t❛t✐♥❣ ✐ts r❡♠♦✈❛❧ ❞✉r✐♥❣ t❤❡ ♣r❡✲♣r♦❝❡ss✐♥❣ st❛❣❡✳
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✐♠♣❧❡♠❡♥t❡❞ t❤r♦✉❣❤ s✐❣♥❛❧ ♣r♦❝❡ss✐♥❣✳ ❱♦❧❧♠❡r ❡t ❛❧✳ ❬✶✾❪✐♥tr♦❞✉❝❡❞ ❛ s✐♠♣❧❡✱ ❢❛st ▲❛♣❧❛❝✐❛♥ s♠♦♦t❤✐♥❣
❛❧❣♦r✐t❤♠✳ ❍♦✇❡✈❡r✱ ✐t r❡s✉❧ts ✐♥ s✉r❢❛❝❡ ❝♦♥tr❛❝t✐♦♥ ❛♥❞ ❝❛♥♥♦t ♣r❡s❡r✈❡ s❤❛r♣ ❢❡❛t✉r❡s✳ ❘❡s❡❛r❝❤❡rs ❧❛t❡r ❞❡✲
✈❡❧♦♣❡❞ ✈❛r✐♦✉s ✐s♦tr♦♣✐❝ ❞❡♥♦✐s✐♥❣ ♠❡t❤♦❞s ❜❛s❡❞ ♦♥ ✈♦❧✉♠❡ ♣r❡s❡r✈❛t✐♦♥✱ ❢r❡q✉❡♥❝②✱ ♦r ❞✐✛❡r❡♥t✐❛❧ ♣r♦♣❡rt✐❡s
❬✶✵✱ ✽❪✳ ❉✉❡ t♦ t❤❡ ❞✐✣❝✉❧t② ✐♥ ♣r❡s❡r✈✐♥❣ ❣❡♦♠❡tr✐❝ ❢❡❛t✉r❡s ✇✐t❤ ✐s♦tr♦♣✐❝ ♠❡t❤♦❞s✱ ❛♥✐s♦tr♦♣✐❝ ❞❡♥♦✐s✐♥❣
♠❡t❤♦❞s ❣❛✐♥❡❞ ✇✐❞❡s♣r❡❛❞ ❛tt❡♥t✐♦♥✳ ❱❛r✐♦✉s ♠❡t❤♦❞s ❜❛s❡❞ ♦♥ ❞✐✛✉s✐♦♥ ♦r ❞✐✛❡r❡♥t✐❛❧ ✐♥❢♦r♠❛t✐♦♥ ❤❛✈❡
❜❡❡♥ ♣r♦♣♦s❡❞✱ s✉❝❤ ❛s ❬✶✸✱ ✺❪ ❚♦ ❛❞❞r❡ss t❤✐s ✐ss✉❡✱ ❛♥✐s♦tr♦♣✐❝ ♠❡t❤♦❞s ❤❛✈❡ ❡♠❡r❣❡❞✳ ❆♥ ❡❛r❧② ✇♦r❦
❜② ❍✐❧❞❡❜r❛♥❞t ❛♥❞ P♦❧t❤✐❡r ❬✺❪ ✉s❡s ♠❡❛♥ ❝✉r✈❛t✉r❡ ✢♦✇ t♦ ♣r❡s❡r✈❡ ❢❡❛t✉r❡s ✇❤✐❧❡ ❞❡♥♦✐s✐♥❣ ♠❡s❤ s❤❛♣❡s✳
❙✉❜s❡q✉❡♥t❧②✱ t✇♦✲st❡♣ ♠❡t❤♦❞s✱ s✉❝❤ ❛s ❜✐❧❛t❡r❛❧ ✜❧t❡r✐♥❣ t❡❝❤♥✐q✉❡s ❬✹✱ ✾❪ ❛♥❞ ♦t❤❡rs ❬✶✼✱ ✶✵✱ ✶✶✱ ✷❪✱ ❤❛✈❡
❜❡❡♥ ♣r♦♣♦s❡❞ t♦ ❜❡tt❡r ♣r❡s❡r✈❡ ❢❡❛t✉r❡s✳ ❚❤❡s❡ ♠❡t❤♦❞s t②♣✐❝❛❧❧② ✐♥✈♦❧✈❡ ♥♦r♠❛❧ s♠♦♦t❤✐♥❣ ❛♥❞ ✈❡rt❡①
✉♣❞❛t✐♥❣✱ s❤♦✇✐♥❣ ♣r♦♠✐s✐♥❣ r❡s✉❧ts ❢♦r r♦❜✉st✱ ❢❡❛t✉r❡✲♣r❡s❡r✈✐♥❣ ♠❡s❤ ❞❡♥♦✐s✐♥❣✳ ■♥ r❡❝❡♥t ②❡❛rs✱ r❡s❡❛r❝❤❡rs
❤❛✈❡ ❡①♣❧♦r❡❞ ❝❧❛ss✐✜❝❛t✐♦♥ t❡❝❤♥✐q✉❡s ❢♦r ❞✐st✐♥❣✉✐s❤✐♥❣ ❢❡❛t✉r❡s ❞✉r✐♥❣ ♠❡s❤ ❞❡♥♦✐s✐♥❣ ❬✸✱ ✶✱ ✷✸✱ ✷✵✱ ✷✷❪✳
❍♦✇❡✈❡r✱ t❤❡s❡ str❛t❡❣✐❡s ♦❢t❡♥ ❢♦❝✉s ♦♥ ❧♦❝❛❧ ♥❡✐❣❤❜♦r❤♦♦❞s ❛♥❞ ❛r❡ s✉s❝❡♣t✐❜❧❡ t♦ ♥♦✐s❡✳ ❚♦ ♠✐t✐❣❛t❡ t❤✐s✱
▲✉ ❡t ❛❧✳ ❬✶✶❪ ✐♥tr♦❞✉❝❡❞ ❛ ♣r❡✲✜❧t❡r✐♥❣ t❡❝❤♥✐q✉❡ ❜❡❢♦r❡ ❞❡♥♦✐s✐♥❣ t♦ r❡❞✉❝❡ t❤❡ ✐♠♣❛❝t ♦❢ ❡①❝❡ss✐✈❡ ♥♦✐s❡

❆♥♦t❤❡r ❛♣♣r♦❛❝❤ ✐♥ ❛♥✐s♦tr♦♣✐❝ ♠❡s❤ ❞❡♥♦✐s✐♥❣ ❢♦❝✉s❡s ♦♥ ❛ s♣❛rs❡ ♣❡rs♣❡❝t✐✈❡✱ ✇❤❡r❡ ❢❡❛t✉r❡ ✈❡rt✐❝❡s ❛r❡
❝♦♠♣✉t❡❞ ❜② s♦❧✈✐♥❣ ❧✐♥❡❛r s♣❛rs❡ s②st❡♠s✳ ❋♦r ✐♥st❛♥❝❡✱ ❍❡ ❛♥❞ ❙❝❤❛❡❢❡r ❬✹❪ ♣r♦♣♦s❡❞ ❛♥ ▲✵✲♠✐♥✐♠✐s❛t✐♦♥
❢r❛♠❡✇♦r❦✱ ✇❤✐❝❤ ♣r❡s❡r✈❡s ♠❡s❤ ❢❡❛t✉r❡s ❜✉t s✉✛❡rs ❢r♦♠ ♥♦♥✲❝♦♥✈❡① ❛♥❞ s❧♦✇ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❝❡ss❡s✳ ❚♦
❛❞❞r❡ss t❤✐s✱ ❩❤❛♦ ❡t ❛❧✳ ❬✷✺❪ ✐♥tr♦❞✉❝❡❞ ❛♥ ❛❧t❡r♥❛t✐♥❣ ♦♣t✐♠✐③❛t✐♦♥ str❛t❡❣② ❢♦r ▲✵✲♠✐♥✐♠✐s❛t✐♦♥✳ ❙✐♠✐❧❛r❧②✱ ▲✉
❡t ❛❧✳ ❬✶✶❪ ♣r❡s❡♥t❡❞ ❛♥ ▲✶✲♠✐♥✐♠✐s❛t✐♦♥ ♠❡t❤♦❞ t♦ ♣r❡s❡r✈❡ ♠❡s❤ ❢❡❛t✉r❡s✳ ❘❡❝❡♥t❧②✱ P❛♥ ❡t ❛❧✳ ❬✶✺❪ ♣r♦♣♦s❡❞
❛ ❤❛❧❢✲❦❡r♥❡❧ ▲❛♣❧❛❝✐❛♥ ♦♣❡r❛t♦r✱ ✇❤✐❝❤ r❡❞✉❝❡s ❢❡❛t✉r❡ ❞❛♠❛❣❡s ✇❤✐❧❡ r❡♠♦✈✐♥❣ ♥♦✐s❡ ❜② ❝♦♥str✉❝t✐♥❣ ❛ ❤❛❧❢
✇✐♥❞♦✇ ♦❢ t❤❡ ❧♦❝❛❧ ♥❡✐❣❤❜♦r❤♦♦❞ ❢♦r ❡❛❝❤ ✈❡rt❡①✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ❲❛♥❣ ❡t ❛❧✳ ♣r♦♣♦s❡❞ ❛ ♠❡t❤♦❞ ✉s✐♥❣ ♠❡s❤
s❡❣♠❡♥t❛t✐♦♥ t♦ ♣r❡s❡r✈❡ ❢❡❛t✉r❡s✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❛❞♦♣t ❛ ♠❡t❤♦❞ t❤❛t ✜rst ❡st✐♠❛t❡s t❤❡ ♥♦r♠❛❧ ❞✐r❡❝t✐♦♥ ✉s✐♥❣ ♥♦♥✲❧♦❝❛❧ s✐♠✐❧❛r str✉❝t✉r❡s
❬✶✷❪ ❛♥❞ t❤❡♥ ✜❧t❡rs t❤❡ ♥♦r♠❛❧ ❞✐r❡❝t✐♦♥ ✉s✐♥❣ ♦rt❤♦❣♦♥❛❧ ♣♦❧②♥♦♠✐❛❧ ✜tt✐♥❣ ❧✐♥❡ ♠❛tr✐❝❡s t♦ ❛❝❤✐❡✈❡ ✜❧t❡r✐♥❣
❛♥❞ ❞❡♥♦✐s✐♥❣ ❡✛❡❝ts ♦♥ t❤❡ tr✐❛♥❣✉❧❛r ♠❡s❤ ❬✶✹❪✳ ❚❤❡ ♠❛tr✐① ❝♦♥str✉❝t❡❞ ✇✐t❤ ♥♦♥✲❧♦❝❛❧ ❤♦♠♦❧♦❣♦✉s s✐♠✐❧❛r
str✉❝t✉r❡s ❤❛s ❜❡❡♥ ♣r♦✈❡♥ t♦ ❜❡ ♠♦r❡ r❡♣r❡s❡♥t❛t✐✈❡ ❛♥❞ r♦❜✉st✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ♦rt❤♦❣♦♥❛❧ ♣♦❧②♥♦♠✐❛❧s ♦❢
❞✐✛❡r❡♥t ♦r❞❡rs ❞♦ ♥♦t ✐♥t❡r❢❡r❡ ✇✐t❤ ❡❛❝❤ ♦t❤❡r✱ r❡❞✉❝✐♥❣ ❜♦t❤ t✐♠❡ ❝♦sts ❛♥❞ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t②
✐♥ t❤❡ ❞❡♥♦✐s✐♥❣ ♣r♦❝❡ss✳ ❊①♣❡r✐♠❡♥ts ❤❛✈❡ s❤♦✇♥ t❤❛t ♦✉r ♠❡t❤♦❞ ❝❛♥ ♣r♦❞✉❝❡ r❡s✉❧ts ❝♦♠♣❛r❛❜❧❡ t♦ ♦r
♦❢ ❤✐❣❤❡r q✉❛❧✐t② t❤❛♥ st❛t❡✲♦❢✲t❤❡✲❛rt ♠❡t❤♦❞s✳ ❚❤❡ s♣❡❝✐✜❝ ❛❧❣♦r✐t❤♠ ✢♦✇ ❝❤❛rt ✐s s❤♦✇♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
❋✐❣✉r❡ ✶✳

✷ ❚❍❊ ❈❖◆❙❚❘❯❈❚■❖◆ ❖❋ ◆❖◆✲▲❖❈❆▲ ❙■▼■▲❆❘ ❙❚❘❯❈❚❯❘❊❙

❚♦ ❜❡tt❡r ✉♥❞❡rst❛♥❞ t❤❡ ♣r♦♣♦s❡❞ ♥♦♥✲❧♦❝❛❧ s✐♠✐❧❛r str✉❝t✉r❡s✱ ✇❡ ✜rst ❜r✐❡✢② ✐♥tr♦❞✉❝❡ ❧♦❝❛❧ str✉❝t✉r❡s ❛♥❞
❧♦❝❛❧ ❝♦✲♦r✐❡♥t❡❞ str✉❝t✉r❡s✱ ❛♥❞ ✜♥❛❧❧② ❡①♣❧❛✐♥ ❤♦✇ ♥♦♥✲❧♦❝❛❧ s✐♠✐❧❛r str✉❝t✉r❡s ❛r❡ ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ s❝r❡❡♥✐♥❣✳

✷✳✶ ❚❤❡ ❚❡♥s♦r ♦❢ ▲♦❝❛❧ ❙tr✉❝t✉r❡

●✐✈❡♥ ❛ s✉r❢❛❝❡ ♠❡s❤ M = (V,E, F ) ✇✐t❤ N ✈❡rt✐❝❡s✱ ✇❡ ❤❛✈❡ t❤❡ s❡t ♦❢ ✈❡rt✐❝❡s V ✱ t❤❡ s❡t ♦❢ ❡❞❣❡s E✱ ❛♥❞
t❤❡ s❡t ♦❢ ❢❛❝❡s F ✳ ❚❤❡ i✲t❤ ✈❡rt❡① vi ∈ V ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❝♦♦r❞✐♥❛t❡s vi = (xi, yi, zi) ❊❛❝❤ ❢❛❝❡ fi✳
❤❛s ❛ ❧♦❝❛❧ str✉❝t✉r❡ Si✱ ✇❤✐❝❤ ❝♦♥s✐sts ♦❢ t❤❡ r ✲r✐♥❣ str✉❝t✉r❡ ♦❢ fi✳ ❉✉❡ t♦ t❤❡ s✉r❢❛❝❡ ✐rr❡❣✉❧❛r✐t✐❡s ✐♥ t❤❡
♥♦✐s② tr✐❛♥❣✉❧❛r ♠❡s❤ ♠♦❞❡❧✱ ❡st✐♠❛t✐♥❣ t❤❡ ♥♦r♠❛❧ ❞✐r❡❝t✐♦♥ ✉s✐♥❣ ❛ s✐♥❣❧❡ ❢❛❝❡ ♠❛② ♥♦t ❜❡ ❛❝❝✉r❛t❡ ❡♥♦✉❣❤✳
❚❤❡r❡❢♦r❡✱ ✇❡ ✉s❡ t❤❡ ❧♦❝❛❧ str✉❝t✉r❡ t♦ ❝❛❧❝✉❧❛t❡ ❛ ♥♦r♠❛❧ t❡♥s♦r✱ ✇❤✐❝❤ r❡♣❧❛❝❡s t❤❡ ✐♥✐t✐❛❧ ♥♦r♠❛❧ ❞✐r❡❝t✐♦♥✳
❚❤❡ s♣❡❝✐✜❝ ❞❡✜♥✐t✐♦♥ ✐s ❛s ❢♦❧❧♦✇s✿

Tij = η(∥ci − cj∥)ϕ(θij)n
T
j nj ✭✶✮

❲❤❡r❡ ci r❡❢❡rs t♦ t❤❡ ❝❡♥tr♦✐❞ ♦❢ t❤❡ ❝✉rr❡♥t ❢❛❝❡ fi✱ ❛♥❞ ni r❡❢❡rs t♦ t❤❡ ♥♦r♠❛❧ ♦❢ fi✳ η ❛♥❞ ϕ ❛r❡ t❤❡
✇❡✐❣❤ts ✐♥❞✉❝❡❞ ❜② s♣❛t✐❛❧ ❞✐st❛♥❝❡s ❛♥❞ ✐♥t❡rs❡❝t✐♦♥ ❛♥❣❧❡s θij ♦❢ t✇♦ ♥❡✐❣❤❜♦r✐♥❣ ♥♦r♠❛❧s✱ ✇❤✐❝❤ ❛r❡ ❣✐✈❡♥

❈♦♠♣✉t❡r✲❆✐❞❡❞ ❉❡s✐❣♥ ✫ ❆♣♣❧✐❝❛t✐♦♥s✱ ✷✷✭✻✮✱ ✷✵✷✺✱ ✶✵✷✼✲✶✵✸✾
➞ ✷✵✷✺ ❯✲t✉r♥ Pr❡ss ▲▲❈✱ ❤tt♣✿✴✴✇✇✇✳❝❛❞✲❥♦✉r♥❛❧✳♥❡t

http://www.cad-journal.net


✶✵✷✾

❜② ❬✼❪ t❤❡ s♣❡❝✐✜❝ ❞❡✜♥✐t✐♦♥ ✐s ❛s ❢♦❧❧♦✇s✿

η(x) = e−(
p

σx )
2

✭✷✮

ϕ(θ) = e
−( 1−cos(σθ)

1−cos(θ) )
2

✭✸✮

σp ❛♥❞ σθ ❛r❡ t❤❡ ♣❛r❛♠❡t❡rs✱ ❇❛s❡❞ ♦♥ ❡①♣❡r✐♠❡♥ts✱ σp ✐s s❡t t♦ t✇✐❝❡ t❤❡ ♠❛①✐♠✉♠ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥
t✇♦ ♣♦✐♥ts ✐♥ t❤❡ s❡t ♦❢ ❢❛❝❡s ♦❢ t❤❡ r✲r✐♥❣ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ fi✳ σθ ✐s s❡t t♦ ❜❡ 30◦✳

❋♦r ❡❛❝❤ ❧♦❝❛❧ str✉❝t✉r❡ Si✱ ✇❡ ❝❛♥ ❞❡r✐✈❡ t❤❡ ❛❝❝✉♠✉❧❛t❡❞ t❡♥s♦r ❜② ❛❣❣r❡❣❛t✐♥❣ ❛❧❧ t❤❡ ✐♥❞✉❝❡❞ t❡♥s♦r
✈♦t❡s ✭✹✮✱ i, j ∈ Si✳ ❚❤✐s ✜♥❛❧ t❡♥s♦r ❡♥❝♦❞❡s t❤❡ ❧♦❝❛❧ str✉❝t✉r❡✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s ❛ r❡❧✐❛❜❧❡✱ r❡♣r❡s❡♥t❛t✐✈❡
♦r✐❡♥t❛t✐♦♥✳

Ti =
∑

j∈Si

Tij ✭✹✮

❲❤❡♥ ♦❜t❛✐♥✐♥❣ t❤❡ ❧♦❝❛❧ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥ts✱ ✇❡ ✉s❡ t❤❡ ♠❛tr✐① ❞❡❝♦♠♣♦s✐t✐♦♥ t❡❝❤♥✐q✉❡ t♦ ❞❡❝♦♠♣♦s❡
t❤❡ Ti✭✸✯✸✮ ♠❛tr✐①✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤r❡❡ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥✈❡❝t♦rs ❛r❡ ♦❜t❛✐♥❡❞✳ ❲❡
s❡❧❡❝t t❤❡ ❡✐❣❡♥✈❡❝t♦r λiso ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♠❛①✐♠✉♠ ❡✐❣❡♥✈❛❧✉❡ Viso ❛s t❤❡ ♣r✐♥❝✐♣❛❧ ❞✐r❡❝t✐♦♥ ♦❢ t❤✐s ❧♦❝❛❧
str✉❝t✉r❡✳ ❚❤✐s ✐s ❛❧s♦ r❡❢❡rr❡❞ t♦ ❛s t❤❡ ❧♦❝❛❧ t❡♥s♦r✳

✷✳✷ ▲♦❝❛❧ ■s♦tr♦♣✐❝ ❙tr✉❝t✉r❡

❆❢t❡r ♦❜t❛✐♥✐♥❣ t❤❡ r❡♣r❡s❡♥t❛t✐✈❡ ❞✐r❡❝t✐♦♥ Viso ❢♦r ❡❛❝❤ ❧♦❝❛❧ str✉❝t✉r❡✱ ✇❡ ✉s❡ Viso ❛s ❛ r❡❢❡r❡♥❝❡ t♦ ✜❧t❡r
♦✉t ❢❛❝❡s ✐♥ t❤❡ ❢❛❝❡ s❡t t❤❛t ❛r❡ ❛♣♣r♦①✐♠❛t❡❧② ❛❧✐❣♥❡❞ ✇✐t❤ t❤✐s ❧♦❝❛❧ ❞✐r❡❝t✐♦♥✳ ❚❤✐s ❛♣♣r♦❛❝❤ ❡❧✐♠✐♥❛t❡s
❢❛❝❡s ✇✐t❤ ❧❛r❣❡ ❡rr♦rs ✐♥ t❤❡ ❧♦❝❛❧ str✉❝t✉r❡✱ ♣r❡♣❛r✐♥❣ ❢♦r t❤❡ ♥❡①t st❡♣ ♦❢ ✜❧t❡r✐♥❣ ♦✉t ♥♦♥✲❧♦❝❛❧❧② ❛❧✐❣♥❡❞
s✐♠✐❧❛r str✉❝t✉r❡s✳ ❚❤❡ ✜❧t❡r✐♥❣ ❝r✐t❡r✐♦♥ ✐♥✈♦❧✈❡s ❝♦♠♣❛r✐♥❣ t❤❡ ❛♥❣❧❡ θth ❜❡t✇❡❡♥ t❤❡ ♥♦r♠❛❧ ♦❢ ❡❛❝❤ ❢❛❝❡ fi
✐♥ s❡t Si ❛♥❞ t❤❡ ❞✐r❡❝t✐♦♥ Viso✳ ■❢ t❤❡ ♥♦✐s❡ ❧❡✈❡❧ ✐♥ t❤❡ ♠♦❞❡❧ ✐s ❤✐❣❤✱ t❤❡ t❤r❡s❤♦❧❞ ❛♥❣❧❡ θth ✐s s❡t ❧❛r❣❡r❀
♦t❤❡r✇✐s❡✱ ✐t ✐s s❡t s♠❛❧❧❡r✳

✷✳✸ ◆♦♥✲❧♦❝❛❧ ❙✐♠✐❧❛r ❙tr✉❝t✉r❡s

❊①♣❛♥❞✐♥❣ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ r❛♥❣❡✱ s❡❛r❝❤✐♥❣ ❢♦r t❤❡ R✲r✐♥❣ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ❢❛❝❡ fi ✭✇✐t❤ R❃r✮✱ ❢♦r ❡❛❝❤
❢❛❝❡ fi ✇✐t❤✐♥ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞✱ ✐❞❡♥t✐❢②✐♥❣ ✐ts ❧♦❝❛❧ ❝♦✲❛❧✐❣♥❡❞ str✉❝t✉r❡ Siso

j ✱ ❝♦♠♣❛r✐♥❣ Siso
j ✇✐t❤ Siso

i ✱ ❛♥❞
❞❡t❡r♠✐♥✐♥❣ t❤❡ ❛♥❣❧❡ θth ❜❡t✇❡❡♥ t❤❡♠✳ ❋♦r ❝❛s❡s ✇✐t❤ ❤✐❣❤ ♥♦✐s❡✱ t❤❡ ❛♥❣❧❡ t❤r❡s❤♦❧❞ θth ✐s s❡t t♦ 40◦✳
✇❤✐❧❡ ❢♦r ❝❛s❡s ✇✐t❤ ❧♦✇ ♥♦✐s❡✱ ✐t ✐s s❡t t♦20◦✳ ■❞❡♥t✐❢②✐♥❣ ❛❧❧ ❧♦❝❛❧ ❝♦✲❛❧✐❣♥❡❞ str✉❝t✉r❡s t❤❛t ♠❡❡t t❤❡ ❝r✐t❡r✐❛
❛♥❞ ❛❞❞✐♥❣ t❤❡♠ t♦ Snls

i ✱ ✉❧t✐♠❛t❡❧② ♦❜t❛✐♥✐♥❣ t❤❡ ♥♦♥✲❧♦❝❛❧❧② ❝♦✲❛❧✐❣♥❡❞ s✐♠✐❧❛r str✉❝t✉r❡s ❢♦r ❡❛❝❤ ❢❛❝❡ ✐♥
t❤❡ ♠♦❞❡❧✳

✸ ❖❘❚❍❖●❖◆❆▲ P❖▲❨◆❖▼■❆▲ ❋■❚❚■◆● ❊❙❚■▼❆❚■❖◆ ❋❖❘ ◆❖❘▼❆▲

❖rt❤♦❣♦♥❛❧ ♣♦❧②♥♦♠✐❛❧s ❛r❡ ❞✐st✐♥❣✉✐s❤❡❞ ❜② t❤❡✐r ♣r♦♣❡rt② ♦❢ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❝❡r♥✐♥❣ ❛ s♣❡❝✐✜❝ ✇❡✐❣❤t ❢✉♥❝✲
t✐♦♥✱ ✐♠♣❧②✐♥❣ t❤❛t t❤❡✐r ✐♥♥❡r ♣r♦❞✉❝t ✐s ③❡r♦ ✉♥❞❡r t❤✐s ✇❡✐❣❤t ❢✉♥❝t✐♦♥✳ ❖rt❤♦❣♦♥❛❧ ♣♦❧②♥♦♠✐❛❧ ✜tt✐♥❣ t❤✉s
♣r♦✈✐❞❡s ❛♥ ❡✛❡❝t✐✈❡ ❛♣♣r♦❛❝❤ t♦ ❛❞❞r❡ss t❤❡ ❝❤❛❧❧❡♥❣❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❤✐❣❤❡r✲♦r❞❡r ♣♦❧②♥♦♠✐❛❧ ✜tt✐♥❣✳

✸✳✶ ❚❤❡ ❉❡✜♥✐t✐♦♥ ♦❢ ❖rt❤♦❣♦♥❛❧ P♦❧②♥♦♠✐❛❧s

❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♦rt❤♦❣♦♥❛❧ ♣♦❧②♥♦♠✐❛❧s✿
❆ ♣♦❧②♥♦♠✐❛❧ s❡q✉❡♥❝❡ pn(x) ❢♦r n = 0, 1, 2, . . . ✇✐t❤ ❞❡❣r❡❡ [pn(x)] = n ✐s s❛✐❞ t♦ ❜❡ ♦rt❤♦❣♦♥❛❧ ♦♥ t❤❡

♦♣❡♥ ✐♥t❡r✈❛❧ (a, b) ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ w(x) ✐❢ ❢♦r ❡❛❝❤ n✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥ ❤♦❧❞s✿

❈♦♠♣✉t❡r✲❆✐❞❡❞ ❉❡s✐❣♥ ✫ ❆♣♣❧✐❝❛t✐♦♥s✱ ✷✷✭✻✮✱ ✷✵✷✺✱ ✶✵✷✼✲✶✵✸✾
➞ ✷✵✷✺ ❯✲t✉r♥ Pr❡ss ▲▲❈✱ ❤tt♣✿✴✴✇✇✇✳❝❛❞✲❥♦✉r♥❛❧✳♥❡t
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✶✵✸✵

✭❛✮ ✭❜✮ ✭❝✮ ✭❞✮

✭❡✮ ✭❢✮ ✭❣✮ ✭❤✮

✭✐✮

❋✐❣✉r❡ ✶✿ ❆ ❣❡♥❡r❛❧ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠

❈♦♠♣✉t❡r✲❆✐❞❡❞ ❉❡s✐❣♥ ✫ ❆♣♣❧✐❝❛t✐♦♥s✱ ✷✷✭✻✮✱ ✷✵✷✺✱ ✶✵✷✼✲✶✵✸✾
➞ ✷✵✷✺ ❯✲t✉r♥ Pr❡ss ▲▲❈✱ ❤tt♣✿✴✴✇✇✇✳❝❛❞✲❥♦✉r♥❛❧✳♥❡t
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✶✵✸✶

∫ b

a

w(x)pm(x)pn(x) dx = hnδmn ✭✺✮

❲❤❡r❡ δmn ✐s t❤❡ ❑r♦♥❡❝❦❡r ❞❡❧t❛ ❢✉♥❝t✐♦♥✱ ❛♥❞ hn ✐s ❛ ❝♦♥st❛♥t✳ ❍❡r❡✱ t❤❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ w(x) ♦♥ t❤❡
✐♥t❡r✈❛❧ (a, b) ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❝♦♥t✐♥✉♦✉s ❛♥❞ ♣♦s✐t✐✈❡✱ s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡❣r❛❧s ❡①✐st✿

µn =

∫ b

a

w(x)xn dx, n = 0, 1, 2, . . . ✭✻✮

❚❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ t✇♦ ♣♦❧②♥♦♠✐❛❧s f(x) ❛♥❞ g(x) ✐s ❞❡✜♥❡❞ ❛s✿

⟨f, g⟩ :=

∫ b

a

w(x)f(x)g(x) dx ✭✼✮

❚❤❡ ✐♥t❡r✈❛❧ (a, b) ✐s ❝❛❧❧❡❞ t❤❡ ♦rt❤♦❣♦♥❛❧ ✐♥t❡r✈❛❧✱ ✇❤✐❝❤ ♠❛② ♦r ♠❛② ♥♦t ❜❡ ✜♥✐t❡✳

✸✳✷ ▲❡❣❡♥❞r❡ P♦❧②♥♦♠✐❛❧s

▲❡❣❡♥❞r❡ ♣♦❧②♥♦♠✐❛❧s ❛r❡ ♣♦❧②♥♦♠✐❛❧s ❞❡✜♥❡❞ ♦♥ t❤❡ ✐♥t❡r✈❛❧ (−1, 1) t❤❛t ❛r❡ ♦rt❤♦❣♦♥❛❧ ❝♦♥❝❡r♥✐♥❣ t❤❡ ✇❡✐❣❤t
❢✉♥❝t✐♦♥ w(x) = 1✳ ▲❡❣❡♥❞r❡ ♣♦❧②♥♦♠✐❛❧s ❛r❡ ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❏❛❝♦❜✐ ♣♦❧②♥♦♠✐❛❧s ✇❤❡♥ α = β = 0✳ ❚❤❡
❡①♣r❡ss✐♦♥ ♦❢ ▲❡❣❡♥❞r❡ ♣♦❧②♥♦♠✐❛❧s ✐s

Pn(x) =
1

2nn!

dn

dxn

[

(x2 − 1)n
]

✭✽✮

❚❤❡ r❡❝✉rr❡♥❝❡ ❢♦r♠✉❧❛ ❢♦r ▲❡❣❡♥❞r❡ ♣♦❧②♥♦♠✐❛❧s ✐s✿

(n+ 1)Pn+1(x) = (2n+ 1)xPn(x)− nPn−1(x) ✭✾✮

❚❤❡ s♣❡❝✐✜❝ ❡①♣❛♥s✐♦♥ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ ▲❡❣❡♥❞r❡ ♣♦❧②♥♦♠✐❛❧s ✐s ❛s ❢♦❧❧♦✇s✳ ❚❤❡ ♣❧♦t ♦❢ t❤❡ ✜rst s✐① ♦r❞❡rs ♦❢
♣♦❧②♥♦♠✐❛❧s ✐s s❤♦✇♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❋✐❣✉r❡ ✷✳















































φ0(x) = 1

φ1(x) = x− (x,ϕ0(x))
(ϕ0(x),ϕ0(x))

φ0(x) = x−
∫ 1
1
xdx

∫ 1
−1

dx
· 1 = x

φ2(x) = x2 −
(x2,ϕ0(x))

(ϕ0(x),ϕ0(x))
φ0(x)−

(x2,ϕ1(x))
(ϕ1(x),ϕ1(x))

φ1(x) = x2 − 1
3

φ3(x) = x3 −
(x3,ϕ0(x))

(ϕ0(x),ϕ0(x))
φ0(x)−

(x3,ϕ1(x))
(ϕ1(x),ϕ1(x))

φ1(x)−
(x3,ϕ2(x))

(ϕ2(x),ϕ2(x))
φ2(x) = x3 − 3

5x

✭✶✵✮

❋♦r ❡❛❝❤ ♥♦♥✲❧♦❝❛❧ s✐♠✐❧❛r str✉❝t✉r❡ Snls
i ❢♦r t❤❡ ✐s♦tr♦♣✐❝ str✉❝t✉r❡ Siso

i ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❢❛❝❡ fi✱
✇❡ ❛♣♣❡♥❞ t❤❡ ❢❛❝❡ ♥♦r♠❛❧s ♦❢ Snls

i ❛s r♦✇s t♦ ❛ ♠❛tr✐① ▼✳ ◆♦t❡ t❤❛t t❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤✐s ♠❛tr✐① ❛r❡
r × 3✳ ❚❤✐s ♠❛tr✐① ❛❧r❡❛❞② ❤❛s ❛ ♠❛①✐♠❛❧ r❛♥❦ ♦❢ ✸ ❛♥❞ ✐s ❛ ❧♦✇✲r❛♥❦ ♠❛tr✐①✳ ❚♦ ♠❛❦❡ t❤❡ ❧♦✇✲r❛♥❦ ♠❛tr✐①
❛♣♣r♦①✐♠❛t✐♦♥ ♠❡❛♥✐♥❣❢✉❧✱ ✇❡ r❡s❤❛♣❡ t❤❡ ♠❛tr✐① ▼ t♦ ❜❡ ❝❧♦s❡ t♦ ❛ sq✉❛r❡ ♠❛tr✐① ❘✳ ✜rst✱ ✇❡ ♥❡❡❞ t♦
❝♦♥str✉❝t t❤❡ ♦rt❤♦❣♦♥❛❧ ❜❛s❡s ❢♦r t❤❡ ❳ ❛♥❞ ❨ ❞✐r❡❝t✐♦♥s ♦❢ ♠❛tr✐① ❘✳ ❆ss✉♠✐♥❣ t❤❡ ✜tt✐♥❣ ♦r❞❡r ✐♥ t❤❡
❳✲❞✐r❡❝t✐♦♥ ✐s ❛ ❛♥❞ ✐♥ t❤❡ ❨✲❞✐r❡❝t✐♦♥ ✐s ❜✱ t❤❡ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡s❡ t✇♦ ♦rt❤♦❣♦♥❛❧ ❜❛s❡s ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞
❛s✿Bx = {φ0(x), φ1(x), φ2(x)......φa(x)}✱By = {φ0(y), φ1(y), φ2(y)......φa(y)}✳

❚❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ✜tt✐♥❣ ♠❛tr✐① ✐s ♦❜t❛✐♥❡❞ ❜② ❞✐s❝r❡t✐③✐♥❣ Bx ❛t ✉♥✐❢♦r♠ ✐♥t❡r✈❛❧s ✇✐t❤✐♥ t❤❡ r❛♥❣❡ ❬✲✶✱
✶❪✱ r❡s✉❧t✐♥❣ ✐♥ ❛ t♦t❛❧ ♦❢ n ♥♦❞❡s✳ ❋r♦♠ t❤✐s ❞✐s❝r❡t✐③❛t✐♦♥✱ t❤❡ ❜❛s✐s ♠❛tr✐① Bx(n×a) ❛♥❞ ✐ts tr❛♥s♣♦s❡ ♠❛tr✐①
BT

x (a × n) ❛r❡ ♦❜t❛✐♥❡❞✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ❜❛s✐s ♠❛tr✐① ✐♥ t❤❡ ❨ ❞✐r❡❝t✐♦♥ By(m × b) ❛♥❞ ✐ts tr❛♥s♣♦s❡ ♠❛tr✐①

❈♦♠♣✉t❡r✲❆✐❞❡❞ ❉❡s✐❣♥ ✫ ❆♣♣❧✐❝❛t✐♦♥s✱ ✷✷✭✻✮✱ ✷✵✷✺✱ ✶✵✷✼✲✶✵✸✾
➞ ✷✵✷✺ ❯✲t✉r♥ Pr❡ss ▲▲❈✱ ❤tt♣✿✴✴✇✇✇✳❝❛❞✲❥♦✉r♥❛❧✳♥❡t
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❋✐❣✉r❡ ✷✿ ❚❤❡ ✜rst s✐① ▲❡❣❡♥❞r❡ ♣♦❧②♥♦♠✐❛❧s

BT
y (b × m) ❛r❡ ❛❧s♦ ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ m ✉♥✐❢♦r♠ ✐♥t❡r✈❛❧s✳ ❍❡r❡✱ Z r❡♣r❡s❡♥ts t❤❡ ♠❛tr✐① ❛❢t❡r ♦rt❤♦❣♦♥❛❧

♣♦❧②♥♦♠✐❛❧ ✜❧t❡r✐♥❣✳

Zm×n = By(m×b) ∗B
T
y(m×b) ∗Rm×n ∗Bx(n×a) ∗B

T
x(a×n) ✭✶✶✮

❲❤❡♥ ❝♦♥str✉❝t✐♥❣ s✐♠✐❧❛r str✉❝t✉r❡s ❢♦r ❡❛❝❤ ❢❛❝❡✱ ❛❞❥❛❝❡♥t ❢❛❝❡s ❢♦r♠ ❛ s❡t ♦❢ s✐♠✐❧❛r str✉❝t✉r❡s S =
{f1, f2, . . . , fn}✱ ✇❤❡r❡ ♦✈❡r❧❛♣♣✐♥❣ r❡❣✐♦♥s ♠❛② ♦❝❝✉r✳ ■♥ s✉❝❤ ❝❛s❡s✱ ❛ ✇❡✐❣❤t ✐s ❛ss✐❣♥❡❞ t♦ ❡❛❝❤ ❢❛❝❡ fi t♦
tr❛❝❦ ✐ts ❢r❡q✉❡♥❝② ♦❢ ✉s❡✳ ❚❤❡ ✜♥❛❧ ♠❛tr✐① ✐s t❤❡♥ ♦❜t❛✐♥❡❞ ❜② ❛❝❝✉♠✉❧❛t✐♥❣ ❝♦♥tr✐❜✉t✐♦♥s ❢r♦♠ ❡❛❝❤ ❢❛❝❡✱
✇❤✐❝❤ ❛r❡ ❞✐✈✐❞❡❞ ❜② t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✇❡✐❣❤t ❝♦❡✣❝✐❡♥t✳ ❚❤✐s ♣r♦❝❡ss r❡s✉❧ts ✐♥ t❤❡ ✉♣❞❛t❡❞ ♥♦r♠❛❧ ❞✐r❡❝t✐♦♥
❢♦r ❡❛❝❤ ❢❛❝❡✳

✹ P❖❙■❚■❖◆ ❯P❉❆❚❊

❆❢t❡r ♦❜t❛✐♥✐♥❣ t❤❡ ✉♣❞❛t❡❞ ♥♦r♠❛❧s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❡❛❝❤ tr✐❛♥❣❧❡✱ ✇❡ ✉♣❞❛t❡ t❤❡ ♣♦s✐t✐♦♥ ♦❢ ❡❛❝❤ ✈❡rt❡①
✐♥ t❤❡ tr✐❛♥❣❧❡ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♥❡✇ ♥♦r♠❛❧s✳ ❲❡ ❝❛❧❝✉❧❛t❡ t❤❡ ♥❡✇ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♣♦✐♥t ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣
❢♦r♠✉❧❛✿

x′

i = xi +
1

|FV (i)|

∑

k∈FV (i)

n
′

k (n
′

k · (ck − xi)) ✭✶✷✮

FV (i) r❡❢❡rs t♦ t❤❡ s❡t ♦❢ t♦r✉s ❛❞❥❛❝❡♥t t♦ ❛ tr✐❛♥❣❧❡ ❛♥❞ r❡❢❡rs t♦ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ tr✐❛♥❣❧❡ ✇❤❡r❡ t❤❡ ❝✉rr❡♥t
♣♦✐♥t ✐s ❧♦❝❛t❡❞✳

✺ ❊❳P❊❘■▼❊◆❚❆▲ ❘❊❙❯▲❚❙ ❆◆❉ ❆◆❆▲❨❙■❙

■♥ ♦✉r ❡①♣❡r✐♠❡♥ts✱ ✇❡ t❡st❡❞ ♦✉r ♠❡t❤♦❞ ♦♥ ♥✉♠❡r♦✉s ♠❡s❤ ♠♦❞❡❧s ❝♦rr✉♣t❡❞ ❜② s②♥t❤❡s✐③❡❞ ♦r ♦r✐❣✐♥❛❧
s❝❛♥ ♥♦✐s❡✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✇❡ ❡✈❛❧✉❛t❡❞ s❡✈❡r❛❧ st❛t❡✲♦❢✲t❤❡✲❛rt ♠❡s❤ ❞❡♥♦✐s✐♥❣ ♠❡t❤♦❞s ♦♥ t❤❡ s❛♠❡ t❡st s❡t
❢♦r ❝♦♠♣❛r✐s♦♥✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ❚❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞ ✐s ❞❡♥♦t❡❞ ❛s ▼❡t❤♦❞ ■✳ ❚❤❡ s❡❧❡❝t❡❞ st❛t❡✲♦❢✲t❤❡✲❛rt
♠❡s❤ ❞❡♥♦✐s✐♥❣ ♠❡t❤♦❞s ✐♥❝❧✉❞❡ ▲✵✲♠✐♥✐♠✐s❛t✐♦♥ ✭▲✵✮ ❬✹❪✱ t❤❡ ❇✐❧❛t❡r❛❧ ◆♦r♠❛❧ ❋✐❧t❡r ✭❇◆❋✮❬✾❪✱ t❤❡ ❯♥✐❧❛t❡r❛❧
◆♦r♠❛❧ ❋✐❧t❡r ✭❯◆❋✮❬✶✼❪✱ t❤❡ ●✉✐❞❡❞ ◆♦r♠❛❧ ❋✐❧t❡r ✭●◆❋✮ ❬✷✹❪✳ t❤❡ ▲✶✲♠❡❞✐❛♥ ❋✐❧t❡r ✭▲✶✮ ❬✶✶❪✱ t❤❡ ❍❛❧❢✲❦❡r♥❡❧
▲❛♣❧❛❝✐❛♥ ❖♣❡r❛t♦r ✭❍▲❖✮ ❬✶✺❪ ❛♥❞ ❙❡❣♠❡♥t❛t✐♦♥✲❉r✐✈❡♥ ❋❡❛t✉r❡✲Pr❡s❡r✈✐♥❣✭❙◆❋✮ ❬✷✶❪✳

❈♦♠♣✉t❡r✲❆✐❞❡❞ ❉❡s✐❣♥ ✫ ❆♣♣❧✐❝❛t✐♦♥s✱ ✷✷✭✻✮✱ ✷✵✷✺✱ ✶✵✷✼✲✶✵✸✾
➞ ✷✵✷✺ ❯✲t✉r♥ Pr❡ss ▲▲❈✱ ❤tt♣✿✴✴✇✇✇✳❝❛❞✲❥♦✉r♥❛❧✳♥❡t
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❚❤❡ s✉♠♠❛r② ♦❢ ♣❛r❛♠❡t❡rs ❢♦r t❤❡ ♠❡t❤♦❞s ✉s❡❞ ✐♥ ♦✉r ❝♦♠♣❛r❛t✐✈❡ ❡①♣❡r✐♠❡♥ts ✐s ♣r❡s❡♥t❡❞ ✐♥ ❚❛❜❧❡
✶✳ ❋♦r ❛❧❧ ♠❡t❤♦❞s✱ ✇❡ ❡♠♣❧♦② t❤❡ r❡❝♦♠♠❡♥❞❡❞ ♣❛r❛♠❡t❡rs ❛♥❞ ❝❛r❡❢✉❧❧② ❛❞❥✉st t❤❡♠ t♦ ❛❝❤✐❡✈❡ t❤❡ ❞❡s✐r❡❞
♦✉t♣✉ts✳

❖✉r ♠❡t❤♦❞ ✈❛r✐❡s ✐♥ s❝r❡❡♥✐♥❣ ♥♦♥✲❧♦❝❛❧ s✐♠✐❧❛r str✉❝t✉r❡s ❜❛s❡❞ ♦♥ t❤❡ ♣❛r❛♠❡t❡r cos θth ❛♥❞ t❤❡ ✐♥❝r❡✲
♠❡♥t ♦❢ o ❛t ❡❛❝❤ ✐t❡r❛t✐♦♥ ❛❝❝♦r❞✐♥❣ t♦ ❞✐✛❡r❡♥t ♥♦✐s❡ ❧❡✈❡❧s✳ ❋♦r ♠♦❞❡❧s ✇✐t❤ ❧♦✇❡r ♥♦✐s❡ ❧❡✈❡❧s✱ ✇❡ t②♣✐❝❛❧❧②
s❡t t❤❡ ✐♥✐t✐❛❧ cos θth ✇✐t❤✐♥ t❤❡ r❛♥❣❡ ♦❢ ✵✳✼ t♦ ✵✳✾✱ ❛♥❞ t❤❡ ✐♥❝r❡♠❡♥t ✐s ❣❡♥❡r❛❧❧② s❡t t♦ ✵✳✺✳ ❋♦r ♠♦❞❡❧s ✇✐t❤
❤✐❣❤❡r ♥♦✐s❡ ❧❡✈❡❧s✱ ✇❡ ✉s✉❛❧❧② s❡t t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ✇✐t❤✐♥ t❤❡ r❛♥❣❡ ♦❢ ✵✳✺ t♦ ✵✳✻✺✱ ❛♥❞ t❤❡ ✐♥❝r❡♠❡♥t ✐s s❡t t♦
✵✳✽ t♦ ✶✳✵✳ ❚❤❡s❡ ♣❛r❛♠❡t❡r s❡tt✐♥❣s ❛r❡ ❝❧♦s❡ t♦ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥s ❢♦r ♦✉r ♠❡t❤♦❞✳ ❋♦r niter ❛♥❞ viter✱
✇❡ s❡t t❤❡♠ t♦ ✺ ❛♥❞ ✶✵✱ r❡s♣❡❝t✐✈❡❧②✳

✺✳✶ ❱✐s✉❛❧ ❘❡s✉❧ts

❙②♥t❤❡t✐❝ ♠♦❞❡❧s✳ ❲❡ ❝♦♠♣❛r❡ ♦✉r ♠❡t❤♦❞ ✇✐t❤ t❤❡ s❡❧❡❝t❡❞ st❛t❡✲♦❢✲t❤❡✲❛rt ♠❡t❤♦❞s ♦♥ ✈❛r✐♦✉s ♠♦❞❡❧s
❝♦rr✉♣t❡❞ ✇✐t❤ s②♥t❤❡t✐❝ ♥♦✐s❡✳ ❋♦❧❧♦✇✐♥❣ st❛t❡✲♦❢✲t❤❡✲❛rt ♠❡s❤ s♠♦♦t❤✐♥❣ t❡❝❤♥✐q✉❡s✱ ✇❡ ❣❡♥❡r❛t❡ s②♥t❤❡t✐❝
♠♦❞❡❧s ❜② ❛❞❞✐♥❣ ③❡r♦✲♠❡❛♥ ●❛✉ss✐❛♥ ♥♦✐s❡ ✇✐t❤ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ σn t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❣r♦✉♥❞ tr✉t❤✳
σn ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ♠❡❛♥ ❡❞❣❡ ❧❡♥❣t❤ le ♦❢ t❤❡ ✐♥♣✉t ♠❡s❤✳❋✐❣✉r❡ ✸ t♦ ❋✐❣✉r❡ ✻ ❞❡♣✐❝ts t❤❡ ❡①♣❡r✐♠❡♥t❛❧
r❡s✉❧ts ♦♥ s②♥t❤❡t✐❝ ♠♦❞❡❧s✳ ❇❛s❡❞ ♦♥ t❤❡ ❞❛t❛ ✐♥ ❚❛❜❧❡ ✷✱ ✇❡ ❝❛♥ ♦❜s❡r✈❡ t❤❛t ♦✉r ♠❡t❤♦❞ ♦✉t♣❡r❢♦r♠s ♦t❤❡r
♠❡t❤♦❞s ❢♦r t❤❡s❡ ♠♦❞❡❧s✱ ♦r ❛❝❤✐❡✈❡s ❝♦♠♣❛r❛❜❧❡ r❡s✉❧ts t♦ t❤❡ ❜❡st✲♣❡r❢♦r♠✐♥❣ ♠❡t❤♦❞✳ ▼♦r❡♦✈❡r✱ ❛s s❤♦✇♥
✐♥ t❤❡ ❧♦❝❛❧ ❞❡t❛✐❧s ✐♥ ❋✐❣✉r❡ ✺ ❛♥❞ ❋✐❣✉r❡ ✻✱ ♦✉r ♠❡t❤♦❞ ✐s ❡✛❡❝t✐✈❡ ✐♥ ♣r❡s❡r✈✐♥❣ ❧♦❝❛❧ ❢❡❛t✉r❡s✳

❘❛✇ ❙❝❛♥♥❡❞ ▼♦❞❡❧s ■♥ ❛❞❞✐t✐♦♥ t♦ ♠♦❞❡❧s ❝♦rr✉♣t❡❞ ❜② s②♥t❤❡s✐③❡❞ ♥♦✐s❡✱ ✇❡ ❛❧s♦ t❡st❡❞ ❛❧❧ ♠❡t❤♦❞s ♦♥
r❡❛❧ ✸❉ s❝❛♥♥❡❞ ❞❛t❛✳ ❋✐❣✉r❡ ✼ ❛♥❞ ❋✐❣✉r❡ ✽ s❤♦✇ t❤❛t ✇❤❡♥ ❛❧❧ ♠❡t❤♦❞s ❛r❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ♦r✐❣✐♥❛❧ s❝❛♥
♦❢ t❤❡ ❛♥❣❧❡ ♠♦❞❡❧✱ ❛❧t❤♦✉❣❤ ♦✉r ♠❡t❤♦❞ s❧✐❣❤t❧② ❧❛❣s ❜❡❤✐♥❞ t❤❡ ♠❡t❤♦❞ ♦❢ ❙◆❋✱ ✐t st✐❧❧ ♦✉t♣❡r❢♦r♠s ♦t❤❡r
♠❡t❤♦❞s ✐♥ ❞❡♥♦✐s✐♥❣ ❛♥❞ ♣r❡s❡r✈✐♥❣ ❢❡❛t✉r❡s✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✇❡ ❝♦♥❞✉❝t❡❞ ❛ s❡t ♦❢ ❞❡♥♦✐s✐♥❣ ❡①♣❡r✐♠❡♥ts ♦♥
t❤❡ s❛♠❡ ❜✉♥♥② s❝❛♥♥❡❞ ♠♦❞❡❧ ✇✐t❤ ❞✐✛❡r❡♥t ❧❡✈❡❧s ♦❢ ♥♦✐s❡ ❛s ❋✐❣✉r❡ ✾ ■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t ❢♦r ♥♦✐s❡ ❧❡✈❡❧s
♦❢ ✵✳✶ ❛♥❞ ✵✳✸✱ ♦✉r ♠❡t❤♦❞ ♣❡r❢♦r♠s q✉✐t❡ ✇❡❧❧✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ t❤❡ ♥♦✐s❡ ❧❡✈❡❧ ✐s t♦♦ ❤✐❣❤✱ r❡❛❝❤✐♥❣ ✵✳✺✱ ♦✉r
♠❡t❤♦❞ ❤❛s ❝❡rt❛✐♥ ❧✐♠✐t❛t✐♦♥s✳ ❚❤✐s ✐ss✉❡ ✐s ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ❝♦♥❝❧✉s✐♦♥✳

✺✳✷ ◗✉❛♥t✐t❛t✐✈❡ ❊✈❛❧✉❛t✐♦♥s

❲❡ ❝♦♠♣❛r❡ t❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt t❡❝❤♥✐q✉❡s ✇✐t❤ ♦✉r ❛♣♣r♦❛❝❤ ❢r♦♠ ❛ q✉❛♥t✐t❛t✐✈❡ ♣❡rs♣❡❝t✐✈❡✳ ❙♣❡❝✐✜❝❛❧❧②✱
✇❡ ❡♠♣❧♦② Ev ❛♥❞ ▼❙❆❊ ✭♠❡❛♥ sq✉❛r❡ ❛♥❣✉❧❛r ❡rr♦r✮ t♦ r❡s♣❡❝t✐✈❡❧② ❡✈❛❧✉❛t❡ t❤❡ ♣♦s✐t✐♦♥❛❧ ❡rr♦r ❛♥❞ ♥♦r♠❛❧
❡rr♦r✱ ❛s s✉❣❣❡st❡❞ ❜② ♣r❡✈✐♦✉s ✇♦r❦s ❬✶✼✱ ✾✱ ✶✻❪✳ ❚❤❡s❡ t✇♦ ♠❡tr✐❝s ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❜❡t✇❡❡♥ t❤❡ s♠♦♦t❤✐♥❣
r❡s✉❧ts ❛♥❞ t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ ❣r♦✉♥❞ tr✉t❤✳

❆❝❝♦r❞✐♥❣ t♦ ❬✶✼✱ ✻❪✱ Ev ✐s t❤❡ L2 ✈❡rt❡①✲❜❛s❡❞ ♠❡s❤✲t♦✲♠❡s❤ ❡rr♦r ♠❡tr✐❝✱ ❛♥❞ ▼❙❆❊ ♠❡❛s✉r❡s t❤❡ ♠❡❛♥
sq✉❛r❡ ❛♥❣✉❧❛r ❡rr♦r ❜❡t✇❡❡♥ t❤❡ ❢❛❝❡ ♥♦r♠❛❧s ♦❢ t❤❡ ❞❡♥♦✐s❡❞ ♠❡s❤ ❛♥❞ t❤♦s❡ ♦❢ t❤❡ ❣r♦✉♥❞ tr✉t❤✳

Ev =

√

√

√

√

1

3
∑

k∈F Ak

∑

i∈V

∑

j∈FV (i)

Ajdist(x
′

i, T )
2, ✭✶✸✮

❲❤❡r❡ Ak ✐s t❤❡ ❛r❡❛ ♦❢ ❢❛❝❡ k✱ ❛♥❞ dist(x
′

i, T ) ✐s t❤❡ L2 ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✉♣❞❛t❡❞ ✈❡rt❡① x
′

i ❛♥❞ ❛

tr✐❛♥❣❧❡ ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ♠❡s❤ T ✇❤✐❝❤ ✐s ❝❧♦s❡st t♦ x
′

i✳

▼❙❆❊ =

∑

k∈F θ2k
NF

✭✶✹✮

❲❤❡r❡ θk ✐s t❤❡ ❛♥❣❧❡ ❜❡t✇❡❡♥ t❤❡ k✲t❤ ❢❛❝❡ ♥♦r♠❛❧ ♦❢ t❤❡ ❞❡♥♦✐s❡❞ ♠♦❞❡❧ ❛♥❞ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦r♠❛❧
✐♥ t❤❡ ❣r♦✉♥❞✲tr✉t❤ ♠♦❞❡❧✱ ❛♥❞ NF ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❢❛❝❡s ✐♥ t❤❡ ✸❉ s❤❛♣❡✳

❚❛❜❧❡ ✷ s✉♠♠❛r✐③❡s t❤❡ st❛t✐st✐❝❛❧ ♥✉♠❜❡rs ♦❢ Ev ❛♥❞ ▼❙❆❊ ♦✈❡r ♠♦st ♠♦❞❡❧s ❢♦r ❛❧❧ t❤❡ ❝♦♠♣❛r❡❞
♠❡t❤♦❞s✳

❈♦♠♣✉t❡r✲❆✐❞❡❞ ❉❡s✐❣♥ ✫ ❆♣♣❧✐❝❛t✐♦♥s✱ ✷✷✭✻✮✱ ✷✵✷✺✱ ✶✵✷✼✲✶✵✸✾
➞ ✷✵✷✺ ❯✲t✉r♥ Pr❡ss ▲▲❈✱ ❤tt♣✿✴✴✇✇✇✳❝❛❞✲❥♦✉r♥❛❧✳♥❡t
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❚❛❜❧❡ ✶✿ P❛r❛♠❡t❡rs ♦❢ t❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt ♠❡s❤ s♠♦♦t❤✐♥❣ ♠❡t❤♦❞s✳

▼❡t❤♦❞s
◆✉♠❜❡r ♦❢

P❛r❛♠❡t❡rs
P❛r❛♠❡t❡rs ❉❡s❝r✐♣t✐♦♥

▲✵ ✸ βmax✿ ♠❛①✐♠✉♠ ✈❛❧✉❡ ♦❢ ❜❡t❛

α0✿ ✐♥✐t✐❛❧ ✈❛❧✉❡ ❢♦r ❛❧♣❤❛

λ✿ ✇❡✐❣❤t ❢♦r t❤❡ ▲✵ t❡r♠ ✐♥ t❤❡ t❛r❣❡t ❢✉♥❝t✐♦♥

❇◆❋ ✸ σs✿ ❱❛r✐❛♥❝❡ ♣❛r❛♠❡t❡r ❢♦r t❤❡ s♣❛t✐❛❧ ❦❡r♥❡❧

n✐t❡r✿ ◆✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❢♦r ♥♦r♠❛❧ ✉♣❞❛t❡

v✐t❡r✿ ◆✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❢♦r ✈❡rt❡① ✉♣❞❛t❡

❯◆❋ ✸ T ✿ ❚❤r❡s❤♦❧❞ ❢♦r ❝♦♥tr♦❧❧✐♥❣ t❤❡ ❛✈❡r❛❣✐♥❣ ✇❡✐❣❤ts

n✐t❡r✿ ◆✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❢♦r ♥♦r♠❛❧ ✉♣❞❛t❡

v✐t❡r✿ ◆✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❢♦r ✈❡rt❡① ✉♣❞❛t❡

●◆❋ ✺ r✿ ❘❛❞✐✉s ❢♦r ✜♥❞✐♥❣ ❛ ❣❡♦♠❡tr✐❝❛❧ ♥❡✐❣❤❜♦r❤♦♦❞

σs✿ ❱❛r✐❛♥❝❡ ♣❛r❛♠❡t❡r ❢♦r t❤❡ s♣❛t✐❛❧ ❦❡r♥❡❧

σr✿ ❱❛r✐❛♥❝❡ ♣❛r❛♠❡t❡r ❢♦r t❤❡ r❛♥❣❡ ❦❡r♥❡❧

n✐t❡r✿ ◆✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❢♦r ♥♦r♠❛❧ ✉♣❞❛t❡

v✐t❡r✿ ◆✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❢♦r ✈❡rt❡① ✉♣❞❛t❡

▲✶ ✸ σ✿ ✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡r ❢♦r t❤❡ s♣❛t✐❛❧ ❦❡r♥❡❧

n✐t❡r✿ ◆✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❢♦r ♥♦r♠❛❧ ✉♣❞❛t❡

v✐t❡r✿ ◆✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❢♦r ✈❡rt❡① ✉♣❞❛t❡

❍▲❖ ✶ iter✿ ♥✉♠❜❡r ♦❢ ✜❧t❡r✐♥❣ ✐t❡r❛t✐♦♥s

❙◆❋ ✶✰❳ Dthr✿ ❡❞❣❡✲❜❛s❡❞ s❡❣♠❡♥t❛t✐♦♥ t❤r❡s❤♦❧❞

X✿t❤❡ ♣❛r❛♠❡t❡rs ♦❢ ♦t❤❡r ♠❡t❤♦❞s

❖✉rs ✹ cos θth✿ ❙❝r❡❡♥✐♥❣ ♥♦♥✲❧♦❝❛❧ s✐♠✐❧❛r str✉❝t✉r❡s

δd✿ ❚❤❡ ✐♥❝r❡♠❡♥t ♦❢ ♦ ❛t ❡❛❝❤ ✐t❡r❛t✐♦♥

n✐t❡r✿ ◆✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❢♦r ♥♦r♠❛❧ ✉♣❞❛t❡

v✐t❡r✿ ◆✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❢♦r ✈❡rt❡① ✉♣❞❛t❡

❈♦♠♣✉t❡r✲❆✐❞❡❞ ❉❡s✐❣♥ ✫ ❆♣♣❧✐❝❛t✐♦♥s✱ ✷✷✭✻✮✱ ✷✵✷✺✱ ✶✵✷✼✲✶✵✸✾
➞ ✷✵✷✺ ❯✲t✉r♥ Pr❡ss ▲▲❈✱ ❤tt♣✿✴✴✇✇✇✳❝❛❞✲❥♦✉r♥❛❧✳♥❡t
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❚❛❜❧❡ ✷✿ ◗✉❛♥t✐t❛t✐✈❡ ❝♦♠♣❛r✐s♦♥s ✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡ ♠❡s❤ s♠♦♦t❤✐♥❣ ♠❡t❤♦❞s✳

▼♦❞❡❧s ▼❡t❤♦❞s ▼❙❆❊(×10−2) Ev(×10−3) P❛r❛♠❡t❡rs

▲✵ ✵✳✾✻✵ ✽✳✾✻✵ ✭✶✵✵✵✱✵✳✵✵✸✸✱✵✳✵✶✮

❈✉❜❡ ❇◆❋ ✵✳✽✽✾ ✹✳✼✺✽ ✭✵✳✹✺✱✽✵✱✹✵✮

❋✐❣✉r❡ ✸ ❯◆❋ ✵✳✶✸✺ ✶✳✷✷✾ ✭✵✳✸✺✱✷✵✱✺✵✮

✭σn = 0.2le✮ ●◆❋ ✵✳✹✷✺ ✶✳✷✻✼ ✭✷✱✶✱✵✳✸✺✱✷✵✱✶✵✮

|V | ✿✶✷✷✽✽ ▲✶ ✵✳✶✺✸ ✶✳✸✵✸ ✭✽✵✱✹✵✱✹✺✮

|F | ✿✻✶✹✻ ❍▲❖ ✵✳✶✺✸ ✶✳✸✵✸ ✭✸✮

❙◆❋✭▲✶✮ ✵✳✶✺✸ ✶✳✸✵✸ ✭✽✵✱✹✵✱✹✺✮

❖❯❘❙ ✵✳✵✼✺ ✶✳✷✷✹ ✭✵✳✼✱✵✳✵✺✱✻✱✷✵✮

▲✵ ✺✳✷✵✾✾ ✶✺✳✶✺✺✹ ✭✶✵✵✵✱ ✵✳✵✵✷✼✱ ✵✳✵✶✮

❋❛♥❞✐s❦ ❇◆❋ ✶✷✳✶✽✷ ✽✳✺✸✻ ✭✵✳✹✱✷✺✱✷✵✮

❋✐❣✉r❡ ✹ ❯◆❋ ✶✶✳✸✷✹ ✶✵✳✹✸✼ ✭✵✳✸✱✸✵✱✷✵✮

✭σn = 0.4le✮ ●◆❋ ✶✵✳✼✸✾ ✻✳✾✼✻ ✭✷✱✶✱✵✳✷✺✱✷✺✱✷✵✮

|V | ✿✼✷✷✾ ▲✶ ✷✵✳✽✶✼ ✽✳✶✹✼ ✭✸✵✱✶✵✵✱✶✵✵✮

|F | ✿✶✹✹✺✹ ❍▲❖ ✽✳✺✹✺ ✶✽✳✷✵✽ ✭✸✮

❙◆❋✭❯◆❋✮ ✾✳✸✼✾ ✽✳✼✺✵ ✭✵✳✸✱✸✵✱✷✵✮

❖❯❘❙ ✶✵✳✸✹✾ ✺✳✾✽✸ ✭✵✳✻✺✱✵✳✵✽✱✺✱✶✵✮

▲✵ ✷✳✽✻✶ ✷✵✷✳✷✻✹ ✭✶✵✵✵✱✵✳✵✵✶✸✱✶✮

❈❛❞ ❇◆❋ ✷✳✾✼✸ ✷✵✼✳✷✺✹ ✭✵✳✸✺✱✷✺✱✷✵✮

❋✐❣✉r❡ ✺ ❯◆❋ ✸✳✻✺✹ ✷✸✾✳✽✶✹ ✭✵✳✺✺✱✷✵✱✹✵✮

✭σn = 0.3le✮ ●◆❋ ✸✳✻✷✹ ✷✺✷✳✼✶✺ ✭✷✱✶✱✵✳✷✺✱✷✺✱✷✵✮

|V | ✿✶✾✸✾✽ ▲✶ ✸✳✹✵✽ ✶✽✻✳✹✾✻ ✭✽✵✱✹✵✱✹✺✮

|F | ✿✸✽✼✾✷ ❍▲❖ ✽✳✼✶✸ ✼✾✸✳✶✷✸ ✭✺✮

❙◆❋✭❇◆❋✮ ✷✳✺✷✾ ✶✽✶✳✼✻✸ ✭✵✳✸✺✱✷✺✱✷✵✮

❖❯❘❙ ✵✳✻✹✵ ✷✶✽✳✺✺ ✭✵✳✼✺✱✵✳✵✺✱✺✱✶✵✮

▲✵ ✶✼✳✵✹✸ ✻✳✶✸✽ ✭✶✵✵✵✱ ✵✳✵✵✷✶✱ ✵✳✵✶✮
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❋✐❣✉r❡ ✾✿ ❘❡s✉❧ts ♦❢ ❞❡♥♦✐s✐♥❣ ❞✐✛❡r❡♥t ♥♦✐s❡ ❧❡✈❡❧s ♦♥ t❤❡ s❛♠❡ ✐rr❡❣✉❧❛r ♠♦❞❡❧
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■♥ t❤✐s ♣❛♣❡r✱ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ♥♦♥✲❧♦❝❛❧ s✐♠✐❧❛r str✉❝t✉r❡s ❜❛s❡❞ ♦♥ ♥♦r♠❛❧ ♠❛tr✐❝❡s ✐s ♠♦r❡ r❡♣r❡s❡♥t❛t✐✈❡
❛♥❞ r♦❜✉st✳ ❖rt❤♦❣♦♥❛❧ ♣♦❧②♥♦♠✐❛❧s ❛r❡ ❡❛s✐❡r t♦ ✐♠♣❧❡♠❡♥t ❢♦r ♣r❡s❡r✈✐♥❣ ❢❡❛t✉r❡s ✐♥ ♠❡s❤ ❞❡♥♦✐s✐♥❣ ❝♦♠♣❛r❡❞
t♦ r❡❣✉❧❛r ♣♦❧②♥♦♠✐❛❧s✳ ❙✐♠✐❧❛r t♦ ♦t❤❡r ♠❡t❤♦❞s✱ ♦✉r ❛♣♣r♦❛❝❤ ❤❛s ❧✐♠✐t❡❞ r♦❜✉st♥❡ss ❛❣❛✐♥st ❡①❝❡ss✐✈❡ ♥♦✐s❡
❛♥❞ ✐rr❡❣✉❧❛r tr✐❛♥❣✉❧❛t✐♦♥✳ ❆s ❢♦r ❢✉t✉r❡ ✇♦r❦✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ✜tt✐♥❣ ♦rt❤♦❣♦♥❛❧ ♣♦❧②♥♦♠✐❛❧s s❡♣❛r❛t❡❧② t♦
t❤❡ ♥♦r♠❛❧s ❛❢t❡r ♣❛rt✐t✐♦♥✐♥❣ t❤❡ ♠❡s❤✳ ❋♦r ✐♥st❛♥❝❡✱ s❡tt✐♥❣ t❤❡ ♠❡s❤✬s ❝♦r♥❡r ❛♥❞ ❡❞❣❡ ♣❛rts ❛s ❢❡❛t✉r❡
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