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Abstract. This article introduces a novel method to improve motion planning for di�er-
ential drive robots, with a focus on the Pioneer 3-DX model. By applying principles from
Computer-Aided Geometric Design (CAGD), speci�cally clothoid curves, the study presents
a double clothoid segments that integrates standard and mirrored clothoids. This approach
o�ers enhanced �exibility in determining tangent directions, thereby simplifying trajectory
design. Additionally, ensuring C1 continuity guarantees smooth transitions in tangent di-
rections between the clothoid segments, enhancing the overall smoothness of the generated
trajectories. Through rigorous formulation and numerical methods, the study demonstrates
the e�ectiveness of double clothoid segments in generating smooth trajectories. Incorporating
this approach into the motion planning of the Pioneer 3-DX robot, validated through sim-
ulation, exhibits consistent and versatile performance, suggesting its potential to transform
robotic motion planning across various applications.

Keywords: motion planning, di�erential drive, mobile robot, clothoid segments.
DOI: https://doi.org/10.14733/cadaps.2025.1086-1104

1 INTRODUCTION

The realm of robotics has experienced a profound evolution, propelled by advancements in technology and a
growing demand for robots capable of navigating complex and dynamic environments [22]. Whether it be in
industrial automation, service robotics, or autonomous vehicles, the ability to plan and execute motion with
precision is essential for the e�ectiveness and safety of robotic systems [9],[18]. At the heart of this capability
lies motion planning, a fundamental process through which robots determine optimal trajectories to navigate
from an initial state to a desired goal while avoiding collisions with obstacles [27],[30].

Among the diverse array of robotic platforms, di�erential drive mobile robots stand out for their sim-
plicity, maneuverability, and versatility. These robots, characterized by two independently driven wheels, are
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commonly employed in various applications, including exploration, surveillance, and logistics [20]. However,
achieving e�cient and smooth motion with such robots, especially in cluttered or unknown environments,
poses signi�cant challenges that necessitate sophisticated motion planning strategies [32].

Motion planning for di�erential drive robots involves navigating a high-dimensional state space to determine
trajectories that minimize a speci�ed cost function while adhering to various constraints, such as obstacle
avoidance and the robot's kinematic limitations [14]. The non-holonomic nature of di�erential drive robots
complicates the planning process, as they lack the ability to move sideways and must rely on precise steering
actions to maneuver in con�ned spaces [21]. Conventional motion planning algorithms like potential �elds and
rapidly exploring random trees (RRT) often face challenges in generating smooth and e�cient trajectories for
di�erential drive robots, particularly in environments with narrow passages or complex geometries [6].

E�ciently managing time and energy is vital for optimizing robot movements to minimize both duration
and energy consumption in reaching their destinations. [10] introduced the Neural Field for Optimal Motion
Planner (NFOMP) algorithm to tackle optimal motion planning in cluttered environments, producing smooth
trajectories faster than sampling-based and discrete algorithms, albeit with a relatively high computational
demand. Similarly, [19] applied the Generalized Regression Neural Network (GRNN) technique to enhance
navigation path lengths and reduce errors for di�erential drive robots compared to feedforward neural networks.
However, this approach constrained robot movements to straight lines, resulting in intermittent halts during
directional changes. [23] focused on energy optimization for di�erential drive wheeled mobile robots using
a Genetic Algorithm Fuzzy Logic Controller (GA-FLC). While e�ective in reducing energy consumption, this
method relied on knowing predetermined routes like zigzag, square, sharp turn, straight, diamond-shaped,
circular, and �gure-eight paths, rather than autonomously generating such paths.

To address these challenges, recent research has explored alternative approaches to motion planning,
emphasizing principles from Computer-Aided Geometric Design (CAGD). Clothoid curves, characterized by
smoothly varying curvature pro�les, have emerged as a promising tool for trajectory generation in robotics
[12]. O�ering advantages over traditional polynomial-based trajectory planning methods, clothoids feature
continuous curvature pro�les and smooth transitions between segments, leading to more natural and e�cient
robot motion [28].

The clothoid curve, also known as the Cornu Spiral or Euler Spiral, is extensively utilized across various
disciplines, including road design, railway engineering, and robotics, owing to its distinctive geometric properties
[3]. The standard parametric formulation of the clothoid curve was established by [25], which incorporates the
Fresnel integral as the foundation for deriving the clothoid equation. Additionally, the generalization of the
clothoid can be observed in the Aesthetic curve when α = −1 , which utilizes logarithmic functions as its basis
in the formula [31]. Although both being capable of producing the same clothoid curve, these formulations
stem from vastly di�erent equations.

Despite the potential bene�ts of clothoid curves, integrating them into motion planning algorithms poses
several challenges. Previous research has highlighted issues such as computational complexity, parameteriza-
tion, and the need for e�ective path smoothing techniques to ensure feasibility and optimality of generated
trajectories [11]. Furthermore, while clothoid-based approaches have shown promise in speci�c applications,
their scalability and adaptability to diverse robotic platforms and environments remain areas of ongoing inves-
tigation [2].

Research by [8] utilized clothoid curves to generate paths for real Two-Wheel-Drive Autonomous Mobile
Robots, encountering challenges in reaching target points despite the real robot's paths closely resembling those
of several points that combined line segments and clothoid curves in their experiments. Similar issues arose in
Nguyen's study [24], where experiments with Di�erential-Drive Mobile Robots (DDMR) faced problems with
position and posture errors of their real robots due to considerations of wheel slip and road surface conditions.
These scenarios warrant further investigation in the future, as currently, simulations o�er limited relief in
obtaining better research outcomes.

Simulation holds signi�cant advantages for robotics research, o�ering a cost-e�ective, safe, and scalable
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platform for experimentation and analysis. Unlike physical experiments, simulations require minimal resources
and pose no risk to personnel or equipment, making them particularly advantageous for exploring complex
or hazardous scenarios. Additionally, simulations provide researchers with precise control over experimental
conditions, enabling systematic testing and evaluation of algorithms under various circumstances.

Moreover, simulations facilitate rapid prototyping and iteration, allowing researchers to quickly modify
parameters and assess their impact on robot behavior. With realistic modeling capabilities for robot dy-
namics, sensors, and environments, simulations o�er a valuable tool for advancing robotics technologies and
understanding robot performance in diverse scenarios.

In this article, we present an innovative double clothoid approach designed to enhance motion planning for
di�erential drive mobile robots. The simulation of the robot trajectory using double clothoid segments has been
conducted utilizing the CoppeliaSim simulator, a widely used robotics simulation platform. To evaluate the
performance of the proposed approach, we compare the generated paths with existing studies [27], providing
analysis of trajectory smoothness, e�ciency, and �exibility.

While this study closely aligns with the approach of combining two clothoids as seen in [15] and [26], there
are di�erences in the method used to generate mirrored segments. In [26], a technique known as the control
polyline was employed to guide composite curves during the design phase. This involved creating clothoid
splines by pairing clothoids as blending curves, where pairs could be symmetric or unsymmetric. In cases of
symmetry, one clothoid's starting point (where curvature is zero) was positioned on an adjacent edge meeting
the bisector, with its tangent vector perpendicular to the bisector. The second clothoid was then determined
by re�ecting the �rst about the bisector. In contrast, our study utilized a straight line x=y for this re�ection.
Additionally, researchers were a�orded the �exibility to determine the tangent direction at both the starting
and ending points of the planned movement, distinguishing it from previous methodologies.

The planning section of this paper begins with an introduction in Sec. 1, providing an overview of the
motivation and objectives of the study. We then delve into the speci�cs of di�erential drive mobile robots,
highlighting their unique characteristics and challenges in motion planning which can be found in Sec. 2. Next,
we detail the methodology used to implement double clothoid segments for trajectory generation, including the
formulation of the trajectory generation algorithm and the simulation setup described in Sec. 3. Subsequently,
in Sec. 4 we present the results of our experiments, analyzing the e�ectiveness of the proposed approach and
comparing it with existing methods. Finally, we discuss the implications of our �ndings, potential avenues for
future research, and conclude with closing remarks on the signi�cance of the study in Sec. 5.

2 MOBILE ROBOT

The Pioneer 3-DX robot, made by Adept MobileRobots, is known for its versatility and reliability. With
two independently driven wheels, it can move in any direction with precision, making it useful for tasks like
navigation, surveillance, and research [1].

Its sturdy design suits a variety of purposes in research, education, and industry. Using its di�erential
drive system, it can navigate tight spaces and complex environments with ease. Equipped with sensors like
laser range �nders and cameras, it can perceive its surroundings accurately. Its modular design allows for easy
integration of additional sensors and equipment, making it adaptable to di�erent tasks. Fig. 1 depicts the
simulated Pioneer 3-DX robot from CoppeliaSim simulator.

However, it's noteworthy that this study implements a sensorless mode, foregoing the use of sensors
typically found in the Pioneer 3-DX robot. Despite the absence of sensors, the robot's di�erential drive system
still enables precise movements in various environments.

Di�erential drive robots, with their unique steering mechanism, can move with agility. By adjusting the
speeds of their wheels independently, they can execute various movements e�ciently. This simplicity makes
them cost-e�ective and suitable for educational and research purposes.

In motion planning, these robots face challenges due to their steering constraints. Advanced planning
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algorithms are needed to generate smooth trajectories. Innovations like double clothoid segments o�er ways
to improve motion planning, ensuring smoother trajectories for robots like the Pioneer 3-DX.

Figure 1: Pioneer 3-DX Simulated Robot

3 METHODOLOGY

The clothoid curve, alternatively referred to as the Cornu Spiral or Euler Spiral, is a mathematical construct
characterized by a consistent rate of curvature [7]. Renowned for its unique geometric properties, this curve
�nds extensive applications in diverse �elds such as road design, railway engineering, and robotics [13],[16],[5].
Its intrinsic ability to provide seamless transitions between curves of varying radii renders it indispensable in
motion planning scenarios where gradual changes in curvature are imperative.

3.1 Clothoid Formulation

The standard clothoid formulation [25], denoted as Cs(t, θ, i) = [Xs (t, θ, i) ,Ys (t, θ, i)] is delineated by the
following parametric equations:

Xs(t, θ, i) = xi + ai [cos (θ) c (t)− sin (θ) s (t)] , (1)

Ys(t, θ, i) = yi + ai [sin (θ) c (t) + cos (θ) s (t)] , (2)

where t ∈ R, 0 ⩽ θ ⩽ π
2 and i represent the ith curve. Here, (xi, yi) denotes the initial point for the clothoid

curve, while ai signi�es the scaling factor determined by the product of π,Ri and Ai with Ri representing the
curve's radius and Ai is a positive parameter. The Fresnel integrals, c (t) and s (t) are integral components
of clothoid formulation, de�ned as:

c(t) =

∫ t

0

cos(
πu2

2
)du. (3)

s(t) =

∫ t

0

sin(
πu2

2
)du. (4)

Conversely, the mirrored clothoid formulation, denoted as Cm(t, θ, i) = [Xm (t, θ, i) ,Ym (t, θ, i)] , repre-
sents a re�ection of the standard clothoid across the x-axis, coupled with a rotation dependent on θ within
the range of 0 to π

2 , yielding:

Xm(t, θ, i) = xi + ai [cos (θ) c (t)− sin (θ) s (t)] , (5)

Ym(t, θ, i) = yi + ai [− sin (θ) c (t)− cos (θ) s (t)] , (6)

where, (xi, yi) denotes the initial point for the mirrored clothoid curve, while ai signi�es the scaling factor
determined by the product of π,Ri and Ai. A mirrored clothoid can be visualized as the re�ection of the
standard clothoid across the line y = x, achieved by setting the rotation angle to π

2 − θ , where θ represents
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Figure 2: Standard and mirrored clothoids.

the angle of the standard clothoid from the x-axis. This alternative representation simpli�es the determination
of mirrored clothoids. The incorporation of mirrored clothoids enables the development of double clothoid
segments, wherein they can be combined with other clothoids. Fig. 2 provides a visual representation of
standard and mirrored clothoids.

3.2 Double Clothoid Segments

Our novel clothoid approach encompasses four distinct categories, each o�ering unique characteristics and
applications: both standard clothoids, both mirrored clothoids, mirrored-standard clothoids and standard-
mirrored clothoids.

These categories are visually represented in Fig. 3, showcasing the distinct characteristics and applications
of each con�guration. Through our novel clothoid approach, we aim to o�er engineers and designers a com-
prehensive toolkit for trajectory planning and motion control, catering to diverse requirements and preferences
in various domains.

We would like to highlight that, in most cases depicted in Fig. 3c, 3d, and others akin to Fig. 4a, 4d, and
Fig. 5a, 5c, a single clothoid segment su�ces for resolution, as evidenced by [31]. Nonetheless, in instances
like those in Fig. 3a, 3b and 6b, employing the double clothoid segment method is pivotal to fortifying the
robustness of this study.

The actual scenario unfolds when all four categories of double clothoid segments are generated from
the values of θ1, representing the initiation of movement direction, and θ2, representing the termination of
movement direction, suitable for obtaining solutions that connect between two clothoids, namely standard and
mirrored. Not all θ values can be taken to obtain these category results. We will demonstrate more speci�c
calculations based on this statement later.

The procedure for generating these double clothoids is based on equation from (1) to (6). The second
clothoid segment, D2 is derived from the �rst segment, D1 through a sequence of transformations, including
rotation, translation and re�ection. Both D1 and D2 can be represented as either standard clothoids, Cs or
mirrored clothoids, Cm. Speci�cally, D1 that connected to (x1, y1) can be expressed as follows: D1(t, θ, 1) =
[Xs (t, θ, 1) ,Ys (t, θ, 1)] or [Xm (t, θ, 1) ,Ym (t, θ, 1)] while D2 that connected to (x2, y2) can be written as
follows: D2(t, θ, 2) = [Xs (t, θ + π, 2) ,Ys (t, θ + π, 2)] or [Xm (t, θ + π, 2) ,Ym (t, θ + π, 2)].

To optimize the combinations of these clothoids, we employ a rigorous approach based on two fundamental
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(a) Both Standard Clothoids, (θ1 = 100, θ2 = 50) (b) Both Mirrored Clothoids, (θ1 = 600, θ2 = 200)

(c) Mirrored-Standard Clothoids, (θ1 = 650, θ2 = 20) (d) Standard-Mirrored Clothoids, (θ1 = 50, θ2 = 300)

Figure 3: Illustration of four variations of double clothoid segments, showcasing speci�c examples of tangent
angles, θ at the starting and ending points.

conditions:
D1(A1, θ1, 1) = D2(A2, θ2, 2). (7)

D
′

1(A1, θ1, 1) = −D
′

2(A2, θ2, 2). (8)

Equation (7) marks the initial condition, underscoring the necessity of upholding C0 continuity to seamlessly
link clothoid segments. C0 continuity ensures that the curve's position remains uninterrupted, devoid of sudden
shifts or discontinuities. Put simply, a curve that adheres to C0 continuity appears smooth and uninterrupted,
lacking any visible breaks. Moving forward, Equation (8), the second condition enforces C1 continuity, which
mandates a smooth transition in tangent directions between these segments. These criteria play a pivotal role
in determining four crucial parameters: the radii of curvature for the initial and subsequent clothoids, R1 and
R2, along with the parameters A1 and A2. Notably, all parameters must remain greater than zero to uphold
the validity and continuity of the clothoid curves.

In our study, we preserve C1 continuity for motion planning as seen in Equation (8), ensuring smooth
direction changes at junction points, ideal for basic point-to-point navigation. While G2 continuity promises
even smoother transitions in curvature rates, making trajectories exceptionally seamless, we opted for C1 for
its simplicity and e�ectiveness. C1 continuity maintains consistent tangent directions along the curve, ensuring
smooth transitions between segments. On the other hand, G2 continuity takes it a step further by ensuring
both continuous tangent directions and curvature rates, perfect for smoother paths.

We acknowledge that using only C1 continuity results in jumps in curvature. However, the trajectories
and robot simulations have still met our desired targets. Additionally, the calculations involved in achieving
G2 continuity are more complex, requiring careful adjustment and matching of parameters. This process
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is sensitive to numerical precision and computation, and demands sophisticated optimization algorithms to
minimize di�erences in curvature at the joining points, which can be computationally expensive and complex.
[4] also highlights that obtaining a solution is not always guaranteed and often requires a more intricate process.
However, for our study's purposes, C1 continuity proved su�cient, o�ering a straightforward solution to our
navigation needs. Nonetheless, we envision implementing a G2 continuous path in our future studies.

Here we present a more speci�c process on how to obtain solutions for double clothoid segments. We
consider an example to obtain solutions for the 'standard-mirrored clothoid' category. Let D1 be the standard
clothoid segment, Cs, and D2 be the mirrored clothoid segment, Cm.

From Equations (1), (2), (5), (6), and (7), we can derive the following equations:

x1 + πR1A1 [cos (θ1) c (A1)− sin (θ1) s (A1)] = x2 + πR2A2 [cos (θ2 + π) c (A2)− sin (θ2 + π) s (A2)] (9)

y1 + πR1A1 [sin (θ1) c (A1)− cos (θ1) s (A1)] = y2 + πR2A2 [− sin (θ2 + π) c (A2)− cos (θ2 + π) s (A2)]
(10)

Furthermore, from Equation (8), we can deduce the following equation.

πR1A1

[
cos (θ1) cos

(
πA1

2

2

)
− sin (θ1) sin

(
πA1

2

2

)]
= πR2A2

[
− cos (θ2 + π) cos

(
πA2

2

2

)
+ sin (θ2 + π) sin

(
πA2

2

2

)] (11)

πR1A1

[
cos (θ1) cos

(
πA1

2

2

)
+ sin (θ1) sin

(
πA1

2

2

)]
= πR2A2

[
cos (θ2 + π) cos

(
πA2

2

2

)
+ sin (θ2 + π) sin

(
πA2

2

2

)] (12)

We employ four equations, namely Equation (9) to (12), to �nd solutions for four parameters: A1,
A2, R1, and R2, while also establishing the values of θ1 and θ2 beforehand. To e�ectively solve for these
parameters, various numerical methods can be employed. One e�cient approach is through the utilization of
built-in functions in software packages such as Mathematica. The built-in function "FindRoot" in Mathematica
employs the bisection method to locate solutions to the equation of 'zero-�nding'. In this context, the solution
for the equation is consistently precise due to the constraint that the entering clothoid must precisely intersect
the initial position. These tools o�er computational capabilities that expedite the parameter-solving process,
facilitating rapid and accurate determination of the clothoid parameters.

It is essential to emphasize that in other categories, such as 'both standard', our focus is solely on ensuring
that both segments D1 and D2 adhere to the Cs formula, while in 'both mirrored', both segments utilize Cm.
Conversely, in the 'mirrored-standard' category, D1 corresponds to Cm, and D2 corresponds to Cs.

3.3 Double Clothoid on Di�erential Drive Mobile Robot

We leveraged this state-of-the-art path generation technique to craft motion plans tailored for di�erential drive
mobile robots, with a speci�c emphasis on the Pioneer 3-DX model. Our methodology involved deploying the
robot's motion simulations through the CoppeliaSim simulator platform, seamlessly integrated with the Matlab
remote API. This integration empowered us to precisely emulate and assess the robot's behavior across diverse
scenarios, facilitating extensive testing and �ne-tuning of our motion planning algorithms. This study adopted
the same approach as detailed in [27] for robot kinematics and simulation. Additionally, the simulations
are conducted on a high-capacity computer equipped with an Intel Core i5 12th Generation, 12400 2.5GHz
Processor, 16GB DDR4 RAM, and a 1TB SSD drive. This robust hardware con�guration ensures e�cient
simulation execution, enabling the exploration of complex scenarios and large datasets.
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4 RESULT AND DISCUSSION

In this section, we illustrate the process of selecting viable and appropriate categories based on the chosen
tangent angles for the beginning and end of the trajectory. Subsequently, we present the simulation results of
robot movements based on all four categories of double clothoid segments. Finally, we compare these results
with previous study based on categories suitable for the trajectories created in this study.

4.1 Selection of Double Clothoid Segment Categories

This study is able for users to �exibly determine the tangent direction for robot trajectory movements at the
starting and ending points. However, at present, it still requires a manual process to determine the appropriate
category to be selected based on these chosen angles. In this study, we experimented with the starting point
(0,0) and the ending point (4,1) across various tangent angles. The suitability of double clothoid segment
categories was determined based on the obtained solutions when both clothoids were connected. If no solutions
were obtained, they were not selected. However, if there is more than one solution where both clothoids are
connected at the same tangent angle, the selection is made based on the condition of the minimum arc length.

For the purpose of discussion, we conducted three examples named Case I, II and III of variations in the
tangent angle values of θ1 and θ2. These cases were run for each category to obtain their respective solutions.
Here, it is shown that some categories have solutions while others do not. The process to obtain parameter
values using the methods stated in the preceding section is demonstrated.

4.1.1 Case I: θ1 = 30, θ2 = 300

For the 'standard-mirrored clothoid' category, we utilized Equations (9) to (12), resulting in the following
equations:

0 + πR1A1

[
cos

(
3π

180

)
c (A1)− sin

(
3π

180

)
s (A1)

]
= 4 + πR2A2

[
cos

(
30π

180
+ π

)
c (A2)− sin

(
30π

180
+ π

)
s (A2)

] (13)

0 + πR1A1

[
sin

(
3π

180

)
c (A1)− cos

(
3π

180

)
s (A1)

]
= 1 + πR2A2

[
− sin

(
30π

180
+ π

)
c (A2)− cos

(
30π

180
+ π

)
s (A2)

] (14)

πR1A1

[
cos

(
3π

180

)
cos

(
πA1

2

2

)
− sin

(
3π

180

)
sin

(
πA1

2

2

)]
= πR2A2

[
− cos

(
30π

180
+ π

)
cos

(
πA2

2

2

)
+ sin

(
30π

180
+ π

)
sin

(
πA2

2

2

)] (15)

πR1A1

[
cos

(
3π

180

)
sin

(
πA1

2

2

)
+ sin

(
3π

180

)
cos

(
πA1

2

2

)]
= πR2A2

[
cos

(
30π

180
+ π

)
sin

(
πA2

2

2

)
+ sin

(
30π

180
+ π

)
cos

(
πA2

2

2

)] (16)

These four equations, (13) to (16) were simultaneously solved to obtain the parameter values of A1, A2, R1,
and R2, using the built-in function "FindRoot" in Mathematica, yielding the solution values of A1 = 0.5423,
A2 = 0.0768, R1 = 3.9629, and R2 = 27.9815. The existence of these values indicates that this category
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can be chosen as double clothoids. These values were then used to generate the plotted graph as shown in
Fig. 4d.

For the 'both standard' category, we manipulated Equations (9) to (12) to adjust the involved formulas,
resulting in the following equations:

0 + πR1A1

[
cos

(
3π

180

)
c (A1)− sin

(
3π

180

)
s (A1)

]
= 4 + πR2A2

[
cos

(
30π

180
+ π

)
c (A2)− sin

(
30π

180
+ π

)
s (A2)

] (17)

0 + πR1A1

[
sin

(
3π

180

)
c (A1)− cos

(
3π

180

)
s (A1)

]
= 1 + πR2A2

[
sin

(
30π

180
+ π

)
c (A2)− cos

(
30π

180
+ π

)
s (A2)

] (18)

πR1A1

[
cos

(
3π

180

)
cos

(
πA1

2

2

)
− sin

(
3π

180

)
sin

(
πA1

2

2

)]
= πR2A2

[
− cos

(
30π

180
+ π

)
cos

(
πA2

2

2

)
+ sin

(
30π

180
+ π

)
sin

(
πA2

2

2

)] (19)

πR1A1

[
cos

(
3π

180

)
sin

(
πA1

2

2

)
+ sin

(
3π

180

)
cos

(
πA1

2

2

)]
= πR2A2

[
− cos

(
30π

180
+ π

)
sin

(
πA2

2

2

)
− sin

(
30π

180
+ π

)
cos

(
πA2

2

2

)] (20)

Similar to the method used in the 'standard-mirrored clothoid' category, these four equations, (17) to (20)
were simultaneously solved to �nd the parameter values, yielding A1 = 0.5517, A2 = 0.0661, R1 = 3.9042,
and R2 = 32.5857. An illustration of the graph for this category can be observed in Fig. 4a.

For the other two categories, 'both mirrored' and 'mirrored-standard', they were resolved using manipula-
tions of Equations (9) to (12), resulting in the following values: A1 = 0.2428, A2 = 0.5991, R1 = 6.5529,
and R2 = 2.6556 for 'both mirrored'. However, for 'mirrored-standard', no solution was produced by Mathe-
matica's "FindRoot" algorithm, and the output from Mathematica stated, "The line search decreased the step
size to within the tolerance speci�ed by AccuracyGoal and PrecisionGoal but was unable to �nd a su�cient
decrease in the merit function".

All parameter values for each category are presented in Table 1. Meanwhile, clear representations of the
plotted graphs for each category are displayed in Fig. 4.

Parameter Both Standard Both Mirrored Mirrored-Standard Standard-Mirrored

A1 0.5517 0.2428 n/a 0.5423

A2 0.0661 0.5991 n/a 0.0768

R1 3.9042 6.5529 n/a 3.9629

R2 32.5857 2.9556 n/a 27.9815

Table 1: Parameter values for each category of double clothoid segments in the �rst case.
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(a) Both Standard Clothoids (solvable) (b) Both Mirrored Clothoids (solvable)

(c) Mirrored-Standard Clothoids (unsolvable) (d) Standard-Mirrored Clothoids (solvable)

Figure 4: : Illustration of four variations of double clothoid segments, showcasing speci�c examples of tangent
angles, θ1 = 30 at the starting point and θ2 = 300 at the ending point.

In this �rst case, there are 3 categories that have solutions, namely 'Both Standard,' 'Both Mirrored,' and
'Standard-Mirrored.' To determine the most suitable category, we use the criterion of minimum curve length.
Therefore, the formula used is from [25], which is

Li =
ai

2

Ri
(21)

where L is the curve length, R is the radius, a is the scaling factor determined from the product of π,
parameter A, and R, and i is the number of clothoid segment. Taking the calculation of curve length for the
'Both Standard' category as an example from Equation (21):

L1 =
a1

2

R1
=

(πA1R1)
2

R1
=

(π ∗ 0.5517 ∗ 3.9042)2

3.9042
= 11.7284 (22)

L2 =
a2

2

R2
=

(πA2R2)
2

R2
=

(π ∗ 0.0661 ∗ 32.5857)2

32.5857
= 1.4052 (23)

Ltotal = L1 + L2 = 13.1336 (24)

From the calculations shown in Equations (22) to (24), it can be seen that the total curve length for the
'Both Standard' category is 13.1336. For the other categories, their values can be found in Table 2.

From Table 2, it is evident that the 'Standard-Mirrored' category yields the smallest curve length value.
Therefore, the most appropriate choice for the �rst case is to use this category.
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Length Both Standard Both Mirrored Mirrored-Standard Standard-Mirrored

L1 11.7284 3.8127 n/a 11.5025

L2 1.4052 10.4699 n/a 1.6289

Ltotal 13.1336 14.2826 n/a 13.1314

Table 2: Curve lengths for each category of double clothoid segments in the �rst case.

4.1.2 Case II: θ1 = 300, θ2 = 50

In the second case, we applied identical calculations as detailed in Section 4.1.1. The comprehensive outcomes
of the parameter values are delineated in following Table 3. Furthermore, graphical depictions for each category
are visually presented in Fig. 5. Interestingly, it became evident that for the 'standard-mirrored' category, no
viable parameter values could be derived, signifying an absence of solutions for this particular category with
the speci�ed θ values. Nevertheless, all other categories yielded solutions.

Parameter Both Standard Both Mirrored Mirrored-Standard Standard-Mirrored

A1 0.0232 0.5959 0.0243 n/a

A2 0.5276 0.2779 0.5265 n/a

R1 103.6230 2.5686 98.8332 n/a

R2 4.5615 5.5056 4.5709 n/a

Table 3: Parameter values for each category of double clothoid segments in the second case.

Similar to the �rst case, there are 3 categories that have solutions, but this time they are 'Both Standard',
'Both Mirrored', and 'Mirrored-Standard'. Therefore, to determine the appropriate category choice, we use
Equation (21). The curve length values for each category are shown in Table 4.

Length Both Standard Both Mirrored Mirrored-Standard Standard-Mirrored

L1 0.5505 9.0021 0.5760 n/a

L2 12.5319 4.1964 12.5054 n/a

Ltotal 13.0824 13.1985 13.0814 n/a

Table 4: Curve lengths for each category of double clothoid segments in the second case.

From the values shown in Table 4, it is evident that the 'Mirrored-Standard' category has the lowest value;
therefore, this category is the most suitable choice.

4.1.3 Case III: θ1 = 250, θ2 = 150

For the third case, we continued to employ the same methodology as outlined in Section 4.1.1 previously.
The respective parameter values for each category are tabulated in Table 5 for reference. In this instance, it
is notable that only the 'both mirrored clothoid' category yielded solutions. Conversely, the other categories
failed to produce any values for the involved parameters, indicating a lack of continuity between the two
curvature segments for these categories, as depicted in Fig. 6.
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(a) Both Standard Clothoids (solvable) (b) Both Mirrored Clothoids (solvable)

(c) Mirrored-Standard Clothoids (solvable) (d) Standard-Mirrored Clothoids (unsolvable)

Figure 5: : Illustration of four variations of double clothoid segments, showcasing speci�c examples of tangent
angles, θ1 = 300 at the starting point and θ2 = 50 at the ending point.

Since only one category has a solution, there is no need to obtain curve length values for this case, and
clearly, the 'both mirrored' category is the best choice.

Parameter Both Standard Both Mirrored Mirrored-Standard Standard-Mirrored

A1 n/a 0.5187 n/a n/a

A2 n/a 0.3974 n/a n/a

R1 n/a 2.7822 n/a n/a

R2 n/a 3.6313 n/a n/a

Table 5: Parameter values for each category of double clothoid segments in the third case.

From the three illustrated cases, it is evident that some cases yield solutions for more than one category, as
observed in the �rst and second cases, contrasting with the third case, which o�ers only one category option.
In this study, we employed the "FindRoot" algorithm in Mathematica to obtain solutions for each parameter.
In instances where Mathematica failed to provide a solution, we note that the solution might still exist and
need to be solved using di�erent root �nding approach. Future research endeavors may delve deeper into this
matter.

Based on this study, decisions need to be made regarding the selection of category types when multiple
solutions are available. The choice depends on selecting the solution with the minimum arc length using the
previously stated formula.
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(a) Both Standard Clothoids (unsolvable) (b) Both Mirrored Clothoids (solvable)

(c) Mirrored-Standard Clothoids (unsolvable) (d) Standard-Mirrored Clothoids (unsolvable)

Figure 6: Illustration of four variations of double clothoid segments, showcasing speci�c examples of tangent
angles, θ1 = 250 at the starting point and θ2 = 150 at the ending point.

4.2 Multiple Clothoid Segments Going Through a Predetermined Intermediate Point

In this study, we also demonstrate that the curvature of these double clothoid segments can pass through
predetermined points along with the tangent direction at the speci�ed initial and �nal points. The result of
using this method is that multiple clothoid segments will be employed. To illustrate the discussion of this
situation, we use the example of initial and �nal points as (0,0) and (4,1). The tangent direction at the starting
point is 200, representing θ1, and at the end point, it is 300, representing θ3. Meanwhile, the predetermined
intermediate point traversed by the curve is (2.2,0.6) with a tangent direction passing through it at 150, noted
by θ2. Fig. 7 illustrates this scenario: Fig. 7a displays the speci�c labeling of multiple clothoid segments
passing through a predetermined intermediate point, along with their tangent angles. In contrast, Fig. 7b
shows the same trajectory without the speci�c labeling. This demonstrates the method's capability to handle
such situations e�ectively.

4.3 Simulated Result of Di�erential Drive Robot

For the sake of discussion, we conducted several simulations on the movement of the Pioneer 3DX robot using
the CoppeliaSim simulator platform for each category of double clothoid segments. Here, we assess whether
the robot can follow the path generated from these double clothoid segments. Minor errors or discrepancies
may arise due to various factors, as stated in [27]. However, overall, the robot's movement remains within the
intended trajectory and �nal target point.

The �rst simulation, showcased in Fig. 8, derives from the outcomes depicted in Fig. 4d on Case I,
speci�cally focusing on the 'standard-mirrored clothoid' category. The robot's movement trajectory closely to
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(a) Labeled multiple clothoid segments. (b) Unlabeled multiple clothoid segments.

Figure 7: Illustration of multiple clothoid segments passing through a predetermined intermediate point.

the planned path as indicated by clothoid 1 and 2 from the graph.

Figure 8: Visualization of robot simulation on 'standard-mirrored' clothoids from Case I, as depicted in Fig. 4d.

Subsequent simulations delve into the 'both standard' category, as visually represented in Fig. 9, with data
extracted from Fig. 5a. Likewise, the robot's trajectory depicted in the generated path closely aligns with the
intended movement represented by clothoids 1 and 2 in this graph. Similarly, the robot movement shown in
generated path is close to our planned movement shown by clothoid 1 and 2 of this graph.

Figure 9: Visualization of robot simulation on 'both standard' clothoids from Case II, as depicted in Fig. 5a.

Further analyses were conducted based on the results depicted in Fig. 5c, representing the 'mirrored-
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standard' category, as illustrated in Fig. 10. Likewise, the robot's trajectory depicted in the generated path
closely aligns with the intended movement represented by clothoid 1 and 2 in this graph.

Figure 10: Visualization of robot simulation on 'mirrored-standard' clothoids from Case II, as depicted in
Fig. 5c.

Lastly, the simulation is performed using data obtained from Fig. 6b, focusing on the 'both mirrored'
category where the robot requires to make a turn the right before turning to the left as illustrated in Fig. 11.
Even if the robot has to turn, then the simulated path is still close. However, there is a slight error at the
ending point.

Figure 11: Visualization of robot simulation on 'both mirrored' clothoids from Case III, as depicted in Fig. 6b.

From the four simulations conducted, it is evident that the robot's path closely resembles the path generated
by double clothoid segments. This highlights the capability of clothoids in producing smoother paths, allowing
for more �exible adjustments in the tangent angles at the start and end of the trajectory. In this study, we
primarily focused on a graphical analysis of how the robot's path aligns with the trajectory generated by double
clothoids. For future investigations, a detailed examination of the error values between these two paths using
suitable algorithms could provide valuable insights.

Moreover, during the simulations, ensuring optimal computer performance is crucial. We acknowledge that
each category requires multiple simulations until highly optimal results are obtained. Considerations include
running no other applications on the computer during the simulations, ensuring that only the CoppeliaSim
Simulator and Matlab software are active during the process. Failure to account for this factor may lead to
disruptions in the results. Similarly, in real life robot, the optimum movement can be planned if the robot has
an optimum physical capacity including su�cient battery levels, e�cient hardware energy consumption, and
energy-e�cient locomotion [29].
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4.4 Comparison with Previous Study

The preceding study conducted by [27] addressed scenarios where point interpolation depended on a single
circular arc. In such cases, determining the tangent angle at the initial point posed no signi�cant challenge.
However, computing the tangent at the target point required subsequent computation. This intricate process
entailed integrating the parameter A into the di�erentiation of Cs(t, θ, 1) , expressed as C

′

s(A, θ1, 1) = (p, q)
, followed by tan−1( qp ) to ascertain the tangent angle. Notably, in this instance, θ1 is set to 00, while θ2

is assigned 420. The interpolated path alongside the simulated path is illustrated in Fig. 12a, e�ectively
showcasing the outcomes of the analysis.

(a) Simulation based on [27]
(b) Simulation using double clothoid segments by
'standard-mirrored' clothoids category

Figure 12: Comparison of curve interpolation with simulated paths.

The integration of double clothoid segments gives an extra advantage as we are able to de�ne start and
end tangent angle. To validate our approach, we compare our �ndings with results from previous studies, as
depicted in Fig. 12b, showing remarkable consistency despite employing di�erent techniques.

Furthermore, other techniques, such as using G2 log-aesthetic splines [17], could be explored in future
research. However, our demonstration indicates that the double clothoid approach e�ectively guides the robot
along the speci�ed trajectory smoothly.

Additionally, we explore a scenario where distinct tangent angles are assigned to each point, providing
further evidence of our method's e�cacy and adaptability. This discussion demonstrates the robustness of
our approach in addressing various trajectory planning challenges, highlighting its potential to enhance motion
planning for di�erential drive mobile robots.

5 CONCLUSION

We present our inventive strategy in clothoids through the incorporation of double clothoid segments, simpli-
fying the calculation process despite the inherent complexity of clothoid formulations. This approach enhances
trajectory planning by facilitating the determination of tangent directions for both the initial and �nal points of
robot movement. This simplicity proves invaluable in navigating the intricate terrain of robotics, empowering
robots to overcome even the most formidable challenges e�ortlessly.

A detailed explanation of the construction of double clothoid segments resulting in four categories - 'both
standard,' 'both mirrored,' 'mirrored-standard,' and 'standard-mirrored' - was provided. The formulation of
these segments is discussed and can be easily derived. One notable accomplishment of this study is the ability
to prede�ne the tangent angles for the start and end points of the trajectory, providing greater �exibility and
discuss in the context of di�erential drive robot.
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In situations where multiple category options exist for a given initial and �nal tangent value, we are free to
choose any category. However, for future research, we will explore the most optimal category selection using
appropriate algorithms. Simulations were conducted on the Pioneer 3-DX di�erential drive robot to assess the
extent to which the robot's movement can follow the trajectories generated by these double clothoid segments.
This study also includes a comparison with previous research in [27], demonstrating that our approach can
achieve similar results with slight improvements, particularly with the prede�ned start and end tangent angles.

This study is expected to serve as a steppingstone towards the development of more advanced trajectory
generation methods, aiding researchers in enhancing their focus on motion planning studies.
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